
Quantum-Classical Dynamics in a Classical Bath†

Raymond Kapral
Chemical Physics Theory Group, Department of Chemistry, Uni � ersity of Toronto,
Toronto, ON M5S 3H6, Canada

Recei � ed: October 16, 2000; In Final Form: December 18, 2000

A derivationof the equationsof motion for a mixed quantum-classicalsystemin a dissipativeenvironment
is presented.Theclassicalenvironmentof thequantumsubsystemis takento becomposedof two parts: the
first part,termedtheclassicalsubsystem,comprisesthosedegreesof freedomthatarecoupleddirectly to the
quantumsubsystem,whereasthe secondpart is a largebaththat is coupledonly to the classicalsubsystem.
Projectionoperatormethodsareusedto eliminatethebathdegreesof freedomyielding a dissipativeequation
of motion for the coupledquantumandclassicalsubsystems.

1. Introduction

We considerthe dynamicsof a quantumsystemembedded
in a classicaldissipativeenvironment.In manycircumstances
oneis interestedin situationswhereacertainnumberof degrees
of freedomof a systemmustbetreatedquantummechanically,
whereastheremaindercanbetreatedclassicallyto agooddegree
of accuracy.If the classicalenvironmentis very largeand its
dynamics occurs on a rapid time scale, it may often be
approximatedby dissipativeequationsof motion.

Sucha treatmentof the environmentis well known for a
classicalBrownianparticlein a fluid andleadsto theLangevin
or Fokker� Planck equationsof motion. The effects of the
environmentarecontainedin thefriction coefficientandrandom
force.TheFokker� Planckequationfor theprobabilitydensity� (R, P, T) of finding theBrownianparticlewith momentumP
andpositionR at time t is1

where � is the friction coefficient.The first two termsin this
equationdescribethestreamingandmotionin themeanpotential
with meanforce F , whereasthe last term accountsfor the
dynamicaleffectsof the environmenton this motion.

Master and Fokker� Planck equationsinvolving frictional
dissipationhavealsobeenderivedfor openquantumsystems.2� 5

In theseapproaches,theenvironmentaldegreesof freedomare
often taken to be a harmonicbath bilinearly coupledto the
subsystemof interest,andtheequationof motionfor thereduced
densitymatrix takesthe form3

whereR� and P	 are the position and momentumoperatorsof
thedegreesof freedomof thequantumsubsystemto which the

bathcouples,and 
 is a friction coefficientrelatedto theOhmic
spectraldistributionof the harmonicbath.

These dissipative equations of motion have also been
employedto studysystemswherea subsetof nucleardegrees
of freedomof thequantumsubsystemaresingledoutashaving
amoreclassicalcharacter.Whentheremainingquantumdegrees
of freedomaretreatedin a Hilbert spacerepresentationandthe
nucleardegreesof freedomareWignertransformed,oneobtains
the multistatequantumFokker� Planckequationof Tanimura
andMukamel.5,6

At the outset,we restrictour considerationsto systemsthat
can be modeled as deterministic mixed quantum-classical
systemsin which a subsetof quantumdegreesof freedomis
identified and the remainderof the degreesof freedomare
assumedto havea classical-likecharacter.The motivationfor
this decompositionarisesboth from the natureof the systems
chosenfor study, for example,systemswith light and heavy
particlesand,onthepracticalside,from our inability to simulate
fully quantumsystemswith manydegreesof freedomthatarise
in condensedphasedynamics. Derivations of such mixed
quantum-classicalmodelsfrom the full quantummechanical
equationsof motion showthat eventhe “classical” degreesof
freedomacquirea quantumcharacterand no longer follow
Newton’sequationsof motion, sinceboth typesof degreesof
freedomremaincoupled.7 � 14 Suchdeterministicmixedquantum-
classicalmodelsform thebasisfor mostof thesurface-hopping
schemescurrently in useto treatnonadiabaticdynamics.14 19

The mutual coupling betweenthesesubsystemsis evident in
the algorithmsthat accountfor the momentumchangesin the
classicaldegreesof freedomthat accompanyquantumtransi-
tions.

In this paper we consider the case where part of the
deterministicclassicalenvironmentmaybedescribedasa heat
bath.More specifically,we focuson a systemcomposedof a
quantumsubsystemembeddedin a classicalenvironmentbut
imagine that the quantumdegreesof freedomcommunicate
directly only with a certainsubsetof the classicaldegreesof
freedom.Thesespecialclassicaldegreesof freedomarecoupled
to the much larger remainderof degreesof freedomof the
environmentwhich, themselves,do not coupledirectly to the
quantumsubsystem.Thequantumandclassicalsubsystemsare
fully coupledand,within thecontextof mixedquantum-classical† Partof the specialissue“William H. Miller Festschrift”.
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dynamics,thequantumdynamicsaffectstheclassicalevolution
andvice versa.

Onemayeasilyimaginesituationswheresucha description
applies;for example,one may considera proton or electron
transferprocessin a condensedphase.The solventmolecules
in the immediateneighborhoodof the transferringproton or
electronwill coupledirectly to its dynamics,but the distant
solventmoleculeswill actlike adissipativeenvironment.Other
applicationsof this type,whereelectronicdegreesof freedom
arecoupledto specificnucleardegreesof freedomwhich are
themselvescoupledto a dissipativebath, are the domain of
descriptionsby the multistatequantumFokker? Planckequa-
tion.5,6

Wecarryoutareductionof thedeterministicmixedquantum-
classicalequationsof motion to dissipativeequationswherea
portion of the classicalenvironmentaldynamicsis described
by a Fokker@ Planck operatorwith a specific form for the
friction tensorthat dependson the remainingclassicalcoordi-
nates.In section2 we specify the systemdescribedabovein
quantitativeterms.Section3 usesprojectionoperatormethods
to obtain an equationof motion for the relevantdegreesof
freedomin the quantumsubsystemand its directly coupled
classicalenvironment.This complicatedequationis reducedto
anevolutionequationfor a mixedquantum-classicalsystemin
a dissipativebath in section4. The conclusionsof the study
arepresentedin section5.

2. Mixed Quantum-Classical Dynamics

Thestartingpointof thecalculationis theequationof motion
for a mixed quantum-classicalsystem,8 A 14

The last line in eq 3 defines the mixed quantum-classical
Liouville operator, LB . This equation is obtained from the
quantummechanicalLiouville equationfor the entiresystem,
assumedto be composedof a quantumsubsystemof particles
of massm anda quantumenvironmentof particlesof massM.
A partialWigner transform20 over thequantumenvironmental
degreesof freedomis performedwhile maintaininga Hilbert
spacedescriptionof thequantumsubsystem.Finally, thesmall
massratio or C limit is takenfor theenvironmentaldegreesof
freedomto obtain eq 3.13 The partially Wigner transformed
densitymatrix in the mixed quantum-classicallimit, DˆW(R, P,
t), dependson the classicalphasespacecoordinatesof the
environment,(R, P), but is still an abstractoperatorin the
quantum subsystemHilbert space. The partially Wigner-
transformedHamiltonianappearingin this equationis

where p̂ and q̂ are the quantumsubsystemmomentumand
positionoperators.The potentialenergyVE W(q̂, R) includesall
contributions arising from interactionswithin the quantum
subsystem,its classicalenvironment,andthecouplingbetween
them.Wenotethatbecausecouplingbetweenthequantumand
classicalsubsystemsis retainedin thisequation,theirevolutions
are neither independentnor are they mean-field-like. For

example,if this evolutionequationis expressedin anadiabatic
basis, the coupling terms are responsibleboth for quantum
transitions among the adiabatic states and the momentum
changesin theclassicaldegreesof freedomthatoccurasaresult
of thesetransitions.Consequently,within this semiclassical
approximationof the environment,they provide a meansto
study surface-hoppingdescriptionsof nonadiabaticdynamics
in a consistentmanner.

Wenowsupposethattheenvironmentis partitionedinto two
subsystems:a classicalsubsystemandbathwith phasespace
coordinates(R′, P′) and(R′′, P′′), respectively.Thus,(R, P) F
(R′, R′′, P′, P′′) G (R′, P′) (R′′, P′′). Theclassicalsubsystemis
coupleddirectly to thequantumsubsystem;however,weassume
the classicalbath couplesonly to the classicalsubsystem.A
schematicrepresentationof sucha systemis depictedin Figure
1. Becauseseveral types of subsystemswill figure in the
presentationbelow, we shall consistentlyuse the following
terminology: thequantumdegreesof freedomwill bereferred
to asthe quantum subsystem; the classicaldegreesof freedom
thataredirectlycoupledto thequantumsubsystemwill becalled
theclassical subsystem. Thesetwo subsystemstakenasasingle
dynamicalsystemwill be called the mixed quantum-classical
subsystem. Theremainingclassicaldegreesof freedomform a
bath for this mixed quantum-classicalsubsystem.Given these
specifications,we may write the partially Wigner-transformed
Hamiltonianin the form

Here we have defined HH W (R′, P′) I P′2/2M J p̂2/2m K
VL ′W(q̂, R′) as the Hamiltonianfor the mixed quantum-classical
subsystem,while H0(R′, R′′, P′′) M H′′B(R′′, P′′) N VCB(R′, R′′)
is the Hamiltonian for the classical bath, H′′B(R′′, P′′) O
P′2/2M P VB(R′′), in thepotentialfield VCB(R′, R′′) of thefixed
particlesin the classicalsubsystem.

Usingthedecompositionin eq5, themixedquantum-classical
Liouville operatorfor the entiresystemmay be written as

Figure 1. Schematicpictureof a quantumsubsystem(QS)coupledto
a classicalenvironmentwhich is itself partitioned into a classical
subsystem(CS) anda bath(B).
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Here and in the sequelwe use the following notation: if a
quantity dependsonly on (R′, P′) or (R′′, P′′) it will havea
prime or doubleprime, respectively.If a quantitydependson
both types of classicalphasespacecoordinates,it will lack
primes.

3. Projection onto a Mixed Quantum-Classical Subsystem

We now project the bath (R′′, P′′) variablesto obtain an
equationof motionfor themixedquantum-classicalsubsystem.
In particular,we seekan evolutionequationfor

We follow a procedureanalogousto thatusedin thederivation
of equationsof motion for a quantumsubsystemin a quantum
environment,21 butmodifiedto accountfor themixedquantum-
classicaldescriptionof the dynamics.To this end we define
the projection operator P acting on any mixed quantum-
classicaloperatorf

|
(R, P) as22

This symmetrizedform is usedbecausethe observablesand
density matrix are operators in the quantum degreesof
freedom.21,23 The operator}ˆce is definedas follows: suppose~ˆW,e is the canonicalequilibrium densitymatrix for the entire
system,the mixed quantum-classicalsubsystemplus the bath.
It is stationaryunder the mixed quantum-classicalevolution,
iL���ˆW,e � 0. We let

where

Its adjoint is �ˆce
† � ( �ˆ ′c) � 1�ˆW,e. While �ˆce doesnot havea simple

physical interpretation,its classicalanalogueis a conditional
probability density familar in derivations of Langevin or
Fokker� Planckequationsin Brownianmotion theory.24 In the
quantumcaseits usepermitsa clearclassificationof termsin
the generalizedequationof motion.21

Using the fact that

andstandardprojectionoperatoralgebra25, we find

wherewe havedefinedthe symbol (A� , B� )s by

for anyoperatorsA� andB� . Weshallcontinueto usethisnotation
belowin orderto write equationsin a compactform. In eq12,
Q � 1 � P is thecomplementof P while thelast line of this
equationdefinesthe streaming,S , memory, M , and initial

condition,I , terms.More explicit formsfor thestreamingand
memory terms can be derived using the definitions of the
operatorsgiven above.

Using the definition of the operatoriL , the streamingterm
may be evaluatedto give

where F � ce ��� 〈 � VCB/ � R′〉ce and the angle bracketsdefine an
averageover the bathdegreesof freedomusing �ˆce,

The � iL� ′W(t) contributionto the streamingterm describes
the time evolution of the mixed quantum-classicalsubsystem
isolatedfrom the bath.This term hasexactly the form of the
mixed quantum-classicalLiouville equationwith the classical
environmentrestrictedto the classicalsubsystemdegreesof
freedom,(R′, P′). Thesecondtermyieldsanadditional“force”
termto theevolutionarisingfrom theclassicalsubsystem-bath
coupling potential energyaveragedover the bath degreesof
freedom with �ˆce. The form of this force-like quantity is
complicatedbecause�ˆce dependson bothR′ andP′ andis still
an operatorin the quantumdegreesof freedom.

The computationof the memoryterm entailsthe evaluation
of Q iL� ( �ˆce, �ˆ ′W(t))s. Onceagain,using the definitions of the
operatorsgivenabove,we maywrite this termmoreexplicitly
as

Herethe force dueto the couplingpotentialis FCB � �¢¡ VCB/£
R′. The form of this term arisesfrom the operatorcharacter

andfull phasespacedependenceof ¤ˆce. Eventhoughtthebath
couplesonly to theclassicalsubsystemdegreesof freedom,and
not directly to thequantumoperators,thesubsystemdynamics
is complicateddueto the indirect couplingarisingfrom these
effects.

Insertingthis expressioninto thememorytermin eq12 and
simplifying the actionof the first iL¥ operatorwe find

Thememorytermaccountsfor dynamicalcontributionscoming
from thecouplingto thebath.As it stands,this equationis not
veryuseful.Belowweshallconsidertheapproximationsneeded
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to convertit into a usefulform andexaminethecontentof the
resultingdissipativedynamics.

4. Dissipative Mixed Quantum-Classical Evolution

The projectionoperatorformalismprovidedan equationof
motion for the mixed quantum-classicalsubsystem;however,
this equationis not closedbecauseit dependson the initial
conditionof thedensitymatrix of theentiresystem,?ˆW(0). To
proceedfurther,weassumethatthecharacteristicrelaxationtime
of thebath,@ B, ismuchshorterthanthatof themixedquantum-
classicalsubsystem.If weconsidertheevolutionfor timeslong
comparedto A B, the initial condition term I (t) will decayto
zeroandmaybeneglectedbecauseits projectedevolutionoccurs
on the bathtime scale.

To simplify the streamingand memory terms, we first
examinethestructureof Bˆce in moredetail.To thisendwewrite
the equilibrium densitymatrix for the entiresystem,CˆW,e as

where DˆW,e(R′, P′) is the equilibrium density for the isolated
mixed quantum-classicalsystemsatisfying

and E 0(R,P) is thebathequilibriumdensityconditionalupona
fixed configuration of the classical particles in the mixed
quantum-classicalsubsystemsatisfying

The bathconditionaldensityis given by

where

Becausethe equilibrium density satisfiesiL
FHG
ˆW,e I 0, we

may solvefor the correctionJ ˆW,e in the form

To lowestorderin either K or, if an adiabaticbasisis used,to
lowest order in the nonadiabatic coupling, Lˆ ′W,e M Z N 1

exp(OQP H′W),26 and in this approximationR ˆW,e S 0 becauseof
the actionof (T / U P′ VXW P′/M) on Yˆ ′W,e. Consequently,we may
replaceZˆW,e by thefirst termin eq18 to a goodapproximation.

In this approximationwe have [ˆce \^] 0, which is no longer
anoperatorin thequantumdegreesof freedom.As a resultwe
havesimply ( _ˆce, `ˆ ′W(t))s acb 0dˆ ′W(t). The streamingterm may
now be written as

with themeanforceF definedby F egf 〈h VCB/i R′〉0. Using
the fact that

wherewe havedefined j FCB(R′′, R′) k FCB(R′′, R′) l F (R′),
we may write the memoryterm in the simpler form
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The evolutionoperatoris iLxzy iL{ ′ | iL 0. In accordwith
ourassumptionthatbathdynamicalvariablesdecayrapidly,we
may approximatelywrite the force autocorrelationfunction in
thisexpressionin termsof thefixed particleforceautocorrelation
function, so that

where

Becausethis correlationwill decayon the bathtime scale,for
timeslongcomparedto thebathrelaxationtimewemayreplace
the correlationfunction by its deltafunction limit andwrite it
in termsof the fixed particle friction tensor} (R′) as

Thus,the memorykernel takesthe form

Puttingtheseresultstogetherweobtainadissipativeequation
for the mixed quantum-classicalevolution

Theeffectsof thedynamicsof thebathdegreesof freedomon
the mixed quantum-classicalsubsystemtake the form of a
Fokker~ Planck-likeoperatorthatdependson thefixed particle
friction tensor.Becauseof thedependenceof thefriction tensor
on the configurationspacecoordinatesof the classicalsub-
system,this expressionis difficult to dealwith, althoughforms
for theR′ dependenceof � (R′) areknownwhentheinteractions
arecomputedin hydrodynamics.27 If the configurationdepen-
denceof the friction tensoris neglectedwe have

whereL ′FP is the usualFokker� Planckoperator

This equationis equivalentto themultistatequantumFokker�
Planckequation2 in the semiclassicallimit.

5. Conclusion

Dissipativeequationsof motion for openquantumsystems
havebeenderivedby manyauthorsandcontinueto bea topic
of active investigation.2
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Equations32and33arethemainresultsof thispaper.Several
features of their derivation and structure merit additional
comment.Given the semiclassicaldescriptionof the environ-
mentthatis adoptedfrom theoutsetof thecalculation,nofurther
restrictionson the form of the bathor its interactionswith the
classicalsubsystemaremade.In particular,the bathneednot
beacollectionof harmonicoscillatorsbilinearlycoupledto the
systemof interest.Projectionoperatormethodsmustbeapplied
with care when extracting subsystemdynamics from the
dynamicsof thefull quantumsystem.Thechoiceof projection
operatordetermineswhether initial condition effects on the
evolution can be neglectedafter a transient time; it also
determinesthebalancebetweenthecontributionsof thestream-
ing andmemorytermsin the weakcouplinglimit of the final
subsystemevolutionequation.21 Similar considerationsenterin
thepresentprojectionoperatorformalismbecausetheoperator
characterof the relevantdynamicalquantitiessurvivesin the
semiclassicallimit. In addition to theseconsiderations,the
presentprojectionoperatorshavebeenconstructedto yield the
correctstructureof the multiparticle Brownian motion of the
classicalsubsystem.

The result of this analysisis eq 32, which retainsthe full
semiclassicalstructureof thequantumandclassicalsubsystem
dynamics,includingtheirmutualcoupling,butaccountsfor the
interaction of bath with the classical subsystemthrough a
multiparticleFokker� Planckoperatorwith a space-dependent
friction coefficient that dependson the coordinatesof the
classicalsubsystem.An explicit expressionis given for this
quantityin termsof a fixed-particlebathforce autocorrelation
function analogousto that appearingin the Brownianmotion
theoryfor manyparticles.MultiparticleBrownianmotiontheory
involvesa numberof subtlefeatures;for example,it is only in
the fixed-particle limit that the friction kernel takesa simple
form andtheLangevinandFokker� Planckdescriptionsexhibit
differencesin general.24 The fixed particle space-dependent
friction kernelappearingin eq 32 may be computedfrom the
purely classicalevolution of the fixed-particle forces on the
classicalsubsystemparticles; thus, while the calculation is
difficult, it is within the scopeof currentmoleculardynamics
simulationmethods.

In thelimit wherethereis asinglerelevantdegreeof freedom
in theclassicalsubsystem,or all configurationspacedependence
of the friction is suppressed,the friction tensorreducesto a
constantscalar.Theresultingequationis identicalin form (when
expressedin a quantumsubsystembasis)to the semiclassical
limit of the multistatequantumFokker Planck equationof
TanimuraandMukamel.6

The multiparticleFokker! Planckdescriptionof the effects
of thebathonthedynamicsof amixedquantum-classicalsystem
couldproveusefulin somecircumstances.As notedearlier,one
practicalreasonfor adoptinga descriptionin termsof mixed
quantum-classicaldynamics,or variantsthat incorporatead-
ditional dispersionin the nucleardegreesof freedom,is that
simulationsof the dynamicsof realistic many-bodysystems
becomefeasible.14" 18,28# 32 However,for very largesystemsone
may still wish to single out someof the classcialdegreesof
freedomfor a lessdetailedtreatment.As anexample,onemay
considerthedynamicsof aprotonor electrontransferin a large
biomoleculein asolvent.Someaspectsof thesolventdynamics
can be capturedby a friction tensor that dependson the

configurationof thebiopolymer.Suchspace-dependentfrictional
effectsarefamiliar in polymerdynamicsandarisefrom Oseen
interactionsamongthe polymerunits.33
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