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A derivationof the equationsof motion for a mixed quantum-classicadystemin a dissipativeenvironment
is presentedT he classicalenvironmenbf the quantumsubsystenis takento be composedf two parts: the
first part,termedthe classicalkubsystemgompriseghosedegree®f freedomthatarecoupleddirectly to the
quantumsubsystemwhereaghe secondpartis a largebaththatis coupledonly to the classicalsubsystem.
Projectionoperatormethodsareusedto eliminatethe bathdegree®f freedomyielding a dissipativeequation
of motion for the coupledquantumand classicalsubsystems.

1. Introduction

We considerthe dynamicsof a quantumsystemembedded
in a classicaldissipativeenvironmentIn many circumstances
oneis interestedn situationswherea certainnumberof degrees
of freedomof a systemmustbetreatedquantummechanically,
whereagheremaindercanbetreatedclassicallyto agooddegree
of accuracylf the classicalenvironmentis very large andits
dynamics occurs on a rapid time scale, it may often be
approximateddy dissipativeequationsof motion.

Sucha treatmentof the environmentis well known for a
classicaBrownianparticlein afluid andleadsto the Langevin
or Fokker—Planck equationsof motion. The effects of the
environmenarecontainedn thefriction coefficientandrandom
force. The Fokker—Planckequationfor the probability density
(R, P, T) of finding the Brownian particlewith momentumP
andpositionR at time t ist
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where( is the friction coefficient. The first two termsin this
equationrdescribethe streamingandmotionin the meanpotential
with meanforce F , whereasthe last term accountsfor the
dynamicaleffectsof the environmenton this motion.

Master and Fokker—Planck equationsinvolving frictional
dissipatiorhavealsobeenderivedfor openquantunsystemsg:>
In theseapproacheghe environmentatlegreeof freedomare
often takento be a harmonicbath bilinearly coupledto the
subsystenof interestandthe equationof motionfor thereduced
densitymatrix takesthe form?
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whereR and P are the position and momentumoperatorsof
the degree®f freedomof the quantumsubsystento which the

T Partof the specialissue“William H. Miller Festschrift”.

bathcouplesand¢ is afriction coefficientrelatedto the Ohmic
spectraldistribution of the harmonicbath.

These dissipative equations of motion have also been
employedto study systemswvherea subsetof nucleardegrees
of freedomof the quantumsubsystenaresingledout ashaving
amoreclassicatharacterWhentheremainingquantundegrees
of freedomaretreatedn a Hilbert spacaepresentatioandthe
nucleardegree®f freedomareWignertransformedpneobtains
the multistatequantumFokker—Planckequationof Tanimura
and Mukamel>6

At the outset,we restrictour considerationso systemshat
can be modeled as deterministic mixed quantum-classical
systemsin which a subsetof quantumdegreesof freedomis
identified and the remainderof the degreesof freedomare
assumedo havea classical-likecharacterThe motivationfor
this decompositiorarisesboth from the natureof the systems
chosenfor study, for example,systemswith light and heavy
particlesand,on the practicalside,from ourinability to simulate
fully quantumsystemswith manydegree®f freedomthatarise
in condensedphase dynamics. Derivations of such mixed
guantum-classicamodelsfrom the full quantummechanical
equationsof motion showthat eventhe “classical” degreeof
freedomacquire a quantumcharacterand no longer follow
Newton’s equationsof motion, sinceboth typesof degreef
freedomremaincoupled’~14 Suchdeterministianixed quantum-
classicaimodelsform the basisfor mostof the surface-hopping
schemesurrentlyin useto treatnonadiabaticdynamicst4-19
The mutual coupling betweenthesesubsystemss evidentin
the algorithmsthat accountfor the momentumchangesn the
classicaldegreesof freedomthat accompanyquantumtransi-
tions.

In this paper we consider the case where part of the
deterministicclassicalenvironmenimay be describedasa heat
bath. More specifically, we focuson a systemcomposedf a
guantumsubsystemrembeddedn a classicalenvironmentbut
imagine that the quantumdegreesof freedomcommunicate
directly only with a certainsubsetof the classicaldegreesof
freedom.Thesespecialclassicaldegree®f freedomarecoupled
to the much larger remainderof degreesof freedomof the
environmentwhich, themselvesdo not coupledirectly to the
guantumsubsystemThe quantumandclassicakubsystemare
fully coupledand,within the contextof mixedquantum-classical
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dynamicsthe quantumdynamicsaffectsthe classicakvolution
andvice versa.

Onemay easilyimaginesituationswheresucha description
applies;for example,one may considera proton or electron
transferprocessn a condensegbhase.The solventmolecules
in the immediateneighborhoodof the transferringproton or
electronwill coupledirectly to its dynamics,but the distant
solventmoleculeswill actlike adissipativeenvironmentOther
applicationsof this type, whereelectronicdegreef freedom
are coupledto specific nucleardegreesf freedomwhich are
themselvescoupledto a dissipativebath, are the domain of
descriptionsby the multistatequantumFokker—Planckequa-
tion.>6

We carryoutareductionof thedeterministiomixedquantum-
classicalequationsof motion to dissipativeequationsvherea
portion of the classicalenvironmentaldynamicsis described
by a Fokker—Planck operatorwith a specific form for the
friction tensorthat dependson the remainingclassicalcoordi-
nates.In section2 we specify the systemdescribedabovein
guantitativeterms.Section3 usesprojectionoperatormethods
to obtain an equationof motion for the relevantdegreesof
freedomin the quantumsubsystemand its directly coupled
classicalenvironmentThis complicatedequationis reducedo
anevolutionequationfor a mixed quantum-classicaystemin
a dissipativebath in section4. The conclusionsof the study
are presentedn section5.

2. Mixed Quantum-Classical Dynamics

Thestartingpoint of the calculationis the equationof motion
for a mixed quantum-classicatystemf~14
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The last line in eq 3 defines the mixed quantum-classical
Liouville operator,L. This equationis obtained from the
guantummechanicaLiouville equationfor the entire system,
assumedo be composedf a quantumsubsystenof particles
of massm anda quantumenvironmenf particlesof massM.
A partial Wigner transforn?® over the quantumenvironmental
degreesf freedomis performedwhile maintaininga Hilbert
spaceadescriptionof the quantumsubsystemEinally, the small
massratio or A limit is takenfor the environmentabegreef
freedomto obtain eq 3.12 The partially Wigner transformed
densitymatrix in the mixed quantum-classicdimit, pw(R, P,
t), dependson the classicalphasespacecoordinatesof the
environment,(R, P), but is still an abstractoperatorin the
quantum subsystemHilbert space. The partially Wigner-
transformedHamiltonianappearingn this equationis

P |©
M 2m+Vw(q, R) (4)

HW(R P)=

where p and g are the quantumsubsystemmomentumand
position operators The potentialenergyVw(6, R) includesall

contributions arising from interactionswithin the quantum
subsystemits classicalenvironmentandthe couplingbetween
them.We notethatbecauseouplingbetweerthe quantumand
classicabubsystemis retainedn this equationtheir evolutions
are neither independentnor are they mean-field-like. For
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Figurel. Schematigictureof aquantumsubsystenfQS)coupledto
a classicalenvironmentwhich is itself partitionedinto a classical
subsysten{CS) anda bath (B).

example|f this evolutionequationis expressedh anadiabatic
basis, the coupling terms are responsibleboth for quantum
transitions among the adiabatic statesand the momentum
changesn theclassicabdegree®f freedomthatoccurasaresult
of thesetransitions.Consequentlywithin this semiclassical
approximationof the environment,they provide a meansto

study surface-hoppinglescriptionsof nonadiabaticdynamics
in a consistentmanner.

We now supposeéhatthe environmenfs partitionedinto two
subsystems:a classicalsubsystenand bath with phasespace
coordinategR, P') and(R', P"), respectivelyThus, (R, P) =
(R,R',P,P")=(R,P) (R', P"). Theclassicalsubsystenis
coupleddirectly to the quantumsubsystemhoweverwe assume
the classicalbath couplesonly to the classicalsubsystemA
schematiaepresentationf sucha systemis depictedn Figure
1. Becauseseveraltypes of subsystemswill figure in the
presentationbelow, we shall consistentlyuse the following
terminology: the quantumdegreef freedomwill bereferred
to asthe quantum subsystem; the classicaldegreef freedom
thataredirectly coupledto thequantumsubsystenwill becalled
theclassical subsystem. Thesetwo subsystemgakenasasingle
dynamicalsystemwill be calledthe mixed quantum-classical
subsystem. The remainingclassicaldegreef freedomform a
bath for this mixed quantum-classicaubsystemGiventhese
specificationsywe may write the partially Wigner-transformed
Hamiltonianin the form

12 A ”2
AR P =2+ B e Ry + o

2
Ve(R') + V(R R")
= A (R, P) + HIR', P") + VR, R")
=H;, (R, P) + H,(R,R", P") (5)

Here we have defined Hw (R, P) = P22M + p?2m +
VW(q, R) as the Hamiltonianfor the mixed quantum-classical
subsystemwhile Ho(R, R’, P'") = Hg(R', P") + Vca(R, R")
is the Hamiltonian for the classical bath, Hz(R', P") =
P2/2M + V(R"), in the potentialfield Vcg(R, R') of thefixed
particlesin the classicalsubsystem.
Usingthedecompositiorin eq5, the mixed quantum-classical
Liouville operatorfor the entire systemmay be written as

il =il " +iL, (6)
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Here and in the sequelwe use the following notation: if a
guantity dependsonly on (R, P') or (R’, P") it will havea
prime or doubleprime, respectivelylf a quantitydependon
both types of classicalphasespacecoordinatesijt will lack
primes.

3. Projection onto a Mixed Quantum-Classical Subsystem
We now project the bath (R’, P'"") variablesto obtain an

equationof motionfor the mixed quantum-classicaubsystem.

In particular,we seekan evolution equationfor

P =R, P, )= [dR'dP" py(R, P, 1)  (7)

We follow a procedureanalogoudo thatusedin the derivation
of equationsof motionfor a quantumsubsystenin a quantum
environmeng! but modifiedto accountfor the mixed quantum-
classicaldescriptionof the dynamics.To this end we define
the projection operatorP  acting on any mixed quantum-
classicaloperatorf(R, P) as??

PR P)=%(,6ce( JdrR'dP" f) + (f dR"dP" T) pgo) (8)

This symmetrizedform is usedbecausehe observablesand
density matrix are operatorsin the quantum degreesof
freedom?123 The operatorpc. is definedasfollows: suppose
Pwe is the canonicalequilibrium densitymatrix for the entire
system the mixed quantum-classicaubsystenplus the bath.
It is stationaryunderthe mixed quantum-classicatvolution,
iL pwe = 0. We let

pedR P) = pyy (R P)(p) (R, P) )

where
PR, P) = ["dR" dP"py (R P) (10)

Its adjointis p, = ()~ 2pwe. While pce doesnot havea simple
physicalinterpretation,its classicalanalogueis a conditional
probability density familar in derivations of Langevin or
Fokker-Planckequationsn Brownianmotiontheory24 In the
guantumcaseits usepermitsa clear classificationof termsin
the generalizecequationof motion2!

Using the fact that

de" dP'P pyw (R P, t)=p (R, P, t) (11)
and standardprojectionoperatoralgebrad, we find

82)(/\/(1:) [ g A !
——=- f dR" dP" iL (Bee pulD))s T

St [ dRdPIL e T QL (Pep ilt))s —
[ dR'dP" iL e701'Q 5,(0)
=SO+M O+ @ (12)
wherewe havedefinedthe symbol (A, B)s by
A, B),= %(Afs + BAN (13)

for anyoperatorsA andB. We shallcontinueto usethis notation
belowin orderto write equationsn a compactform. In eq12,
Q =1-—P isthecomplemenbfP while thelastline of this
equationdefinesthe streaming,S , memory,M , and initial
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condition,l , terms.More explicit formsfor the streamingand
memory terms can be derived using the definitions of the
operatorggiven above.

Using the definition of the operatoriL , the streamingterm
may be evaluatedo give

SO =L B — 55 Fou s (19)

whereF , = — [Vee/;,z[g and the angle bracketsdefine an
averageover the bath degreeof freedomusing pce,

Efe= [ dR" dP" =+ g, (15)

The —iL" w(t) contributionto the streamingterm describes
the time evolution of the mixed quantum-classicadubsystem
isolatedfrom the bath. This term hasexactly the form of the
mixed quantum-classicdliouville equationwith the classical
environmentrestrictedto the classicalsubsystendegreesof
freedom,(R, P'). Thesecondermyieldsanadditional“force”
termto the evolutionarisingfrom the classicalsubsystem-bath
coupling potential energyaveragedover the bath degreesof
freedom with pce. The form of this force-like quantity is
complicatedbecause. dependon bothR andP' andis still
an operatorin the quantumdegreesf freedom.

The computationof the memoryterm entailsthe evaluation
of QL (pee puw(t))s. Onceagain,using the definitions of the
operatorgyiven above we may write this term moreexplicitly
as

RPN ~y 8 ~ 1
QiL (pce’ PMt))S =Q Fes* ﬁ(pcev Pwls —

P, . ) n
M 3R Pee Pwds T (Feer 55 (Pee AWs|_

Pee Ve, Bt )s = 3(Poe (P Vo) +
S, BedBiy+ Pl Pl D1 = ((Hos A" Bhs (16)

Herethe force dueto the coupling potentialis Fcg = —dVcg/
oR'. The form of this term arisesfrom the operatorcharacter
andfull phasespacedependencef pce Eventhoughtthe bath
couplesonly to theclassicakubsystendegree®f freedom,and
not directly to the quantumoperatorsthe subsystemdynamics
is complicateddueto the indirect coupling arising from these
effects.

Insertingthis expressionnto the memorytermin eq 12 and
simplifying the action of thefirst iL operatorwe find

_ [t ri [ ' —iQ LA(t—t')
M ()= [ dt B J dR" dP" Fege
(Q Fes * 5i(Pea kU, — 7 * GretPoe PbAODs F
CB PY=4 Peer P s M R Peer P s
3 ~ ~ ] 1 ~ /1 ~ AV
(Feogmi(Pes Bk, + 5(Pca { Voo, Bt} )s ~
1 ~ ~1 ] Vi ] 1 Al I N !
E (pcei {p\l\/(t )a VQC} )s + E ([H ) chpW(t) +
Pult)[Hiys d) — {Hos Pegd"s udt))s (17)
Thememorytermaccountdor dynamicalcontributionscoming

from the couplingto the bath.As it standsthis equationis not
very useful.Belowwe shallconsideithe approximationsieeded
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to convertit into a usefulform andexaminethe contentof the
resultingdissipativedynamics.

4. Dissipative Mixed Quantum-Classical Evolution

The projectionoperatorformalism providedan equationof
motion for the mixed quantum-classicatubsystemhowever,
this equationis not closedbecausdt dependson the initial
conditionof the densitymatrix of the entire system,pu(0). To
proceedurther,we assumehatthe characteristicelaxationtime
of thebath,zg, is muchshorterthanthatof the mixed quantum-
classicakubsystemif we consideithe evolutionfor timeslong
comparedto g, the initial conditionterm |1 (t) will decayto
zeroandmaybeneglecteecauséts projectedevolutionoccurs
on the bathtime scale.

To simplify the streamingand memory terms, we first
examinethe structureof pce in moredetail. To this endwe write
the equilibrium densitymatrix for the entire system,pw,e as

f)W,e = E)W,e(R" P')pO(R! P) + )ACW,e (18)

where pwe(R, P') is the equilibrium density for the isolated
mixed quantum-classicadystemsatisfying

il "pwdR,P)=0 (19)

and pg(R,P) is the bathequilibrium densityconditionalupona
fixed configuration of the classical particles in the mixed
guantum-classicaubsystensatisfying

iL (R P)=0 (20)
The bath conditionaldensityis given by

po(R P) = Z,(R) ‘e ™ (21)

where

Z(R)= [ dR'dP" e (22)

Becausethe equilibrium density satisfiesiLAZ)W,e =0, we
may solvefor the correctionjwe in the form

Te = (U ) s (55 + Bl 0 @)

To lowestorderin eitherh or, if anadiabaticbasisis used,to
lowest order in the nonadiabatic coupling, py, = Z*
exp(—pAHy,),2¢ andin this approximationjwe = 0 becauseof
the actionof (3/aP" + BP'/M) on py, .. Consequentlywe may
replacepw,e by thefirst termin eq18to agoodapproximation.

In this approximationwe have pce = po, Which is no longer
anoperatorin the quantumdegreeof freedom.As aresultwe
havesimply (oce py(t))s = popuft). The streamingterm may
now be written as

H e a "I
with themeanforceF definedby F = — @Vcg/dR'[4. Using
the fact that
3po(R. P) ~
TR = B(Fcg — F )po(R, P) = BOFgpo(R, P) (25)

wherewe havedefineddFcg(R’, R) = Fcg(R', R) — F (R),
we may write the memorytermin the simplerform

Kapral
M (1) =
[t L3R e € OsF @( +,6’—) L (t) (26)
o 5P ce's|5p

whereQ o=1—P gwith P of = po f dR’ dP" f. Theangle
bracketsd:+[d denotean equilibrium averageover pg:

E[= [ dR" dP"+p, (27)

The evolution operatoris i =il +il o. In accordwith
our assumptiorthatbathdynamicalvariablesdecayrapidly, we
may approximatelywrite the force autocorrelatiorfunctionin
this expressiorn termsof thefixed particleforceautocorrelation
function, so that

M= [ d L LK t—t)e™ 0 (8z,+ﬂ%) Bt
(28)

where
K (t) = OF e " "OF gl (29)

Becausehis correlationwill decayon the bathtime scale,for
timeslong comparedo the bathrelaxationtime we mayreplace
the correlationfunction by its deltafunction limit andwrite it
in termsof the fixed particlefriction tensor¢(R) as

K ()~ 20(t) [ dtK (t)=28""5(R)o(t)  (30)

Thus,the memorykerneltakesthe form

M =R galy tkeTas) A0 (D)

Puttingtheseresultstogetheme obtaina dissipativeequation
for the mixed quantum-classicatvolution

P o~ a N

6R): Gl + 6T 5 0 (32)

The effectsof the dynamicsof the bathdegreesf freedomon
the mixed quantum-classicasubsystemtake the form of a
Fokker—Planck-likeoperatorthatdepend®n thefixed particle
friction tensor Becausef the dependencef thefriction tensor
on the configuration spacecoordinatesof the classicalsub-
systemthis expressioris difficult to dealwith, althoughforms
for theR dependencef {(R) areknownwhentheinteractions
arecomputedin hydrodynamicg’ If the configurationdepen-
denceof the friction tensoris neglectedve have

apu(t) o . A A

%z =i By F = 1 ) (33)

wherel  is the usual Fokker—PIanckoperator
L .0

This equationis equivalento the multistatequantumFokker—
PlanckequatioR in the semiclassicalimit.

5. Conclusion

Dissipativeequationsof motion for openquantumsystems
havebeenderivedby manyauthorsandcontinueto be a topic
of activeinvestigatior?
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Equations32 and33 arethe mainresultsof this paper.Several
features of their derivation and structure merit additional
comment.Given the semiclassicatlescriptionof the environ-
mentthatis adoptedrom the outsetof the calculation no further
restrictionson the form of the bathor its interactionswith the
classicalsubsystemare made.In particular,the bath neednot
bea collectionof harmonicoscillatorsbilinearly coupledto the
systemof interest.Projectionoperatomethodsmustbe applied
with care when extracting subsystemdynamics from the
dynamicsof the full quantumsystem.The choiceof projection
operatordetermineswhetherinitial condition effects on the
evolution can be neglectedafter a transienttime; it also
determineghe balancebetweerthe contributionsof the stream-
ing andmemorytermsin the weak couplinglimit of the final
subsystenevolutionequatior?! Similar considerationgnterin
the preseniprojectionoperatorformalismbecauséhe operator
characterof the relevantdynamicalquantitiessurvivesin the
semiclassicalimit. In addition to these considerationsthe
presenfprojectionoperatorshavebeenconstructedo yield the
correctstructureof the multiparticle Brownian motion of the
classicalsubsystem.

The result of this analysisis eq 32, which retainsthe full
semiclassicastructureof the quantumandclassicalsubsystem
dynamicsjncludingtheir mutualcoupling,butaccountdor the
interaction of bath with the classical subsystemthrough a

multiparticle Fokker—Planckoperatorwith a space-dependent

friction coefficient that dependson the coordinatesof the
classicalsubsystemAn explicit expressionis given for this
quantityin termsof a fixed-particlebathforce autocorrelation
function analogoudo that appearingn the Brownian motion
theoryfor manyparticles Multiparticle Brownianmotiontheory
involvesa numberof subtlefeaturesfor example,it is only in
the fixed-particlelimit that the friction kerneltakesa simple
form andthe LangevinandFokker—Planckdescriptionexhibit

differencesin generak* The fixed particle space-dependent

friction kernelappearingn eq 32 may be computedfrom the
purely classicalevolution of the fixed-particle forces on the
classical subsystemparticles; thus, while the calculation is
difficult, it is within the scopeof currentmoleculardynamics
simulationmethods.

In thelimit wherethereis a singlerelevantdegreeof freedom
in the classicakubsystemor all configurationspacedependence
of the friction is suppressedthe friction tensorreducesto a
constanscalar.Theresultingequationis identicalin form (when
expressedn a quantumsubsystenbasis)to the semiclassical
limit of the multistate quantumFokker—Planck equationof
Tanimuraand Mukamel®

The multiparticle Fokker—Planckdescriptionof the effects
of the bathon thedynamicsof amixedquantum-classicaystem
couldproveusefulin somecircumstancesAs notedearlier,one
practicalreasonfor adoptinga descriptionin termsof mixed
guantum-classicatlynamics,or variantsthat incorporatead-
ditional dispersionin the nucleardegreesof freedom,is that
simulationsof the dynamicsof realistic many-bodysystems
becomdeasiblet41828-32 However for very largesystemsone
may still wish to single out someof the classcialdegreesof
freedomfor alessdetailedtreatmentAs anexample onemay
considerthedynamicsof a protonor electrontransferin alarge
biomoleculen asolvent.Someaspect®f the solventdynamics
can be capturedby a friction tensorthat dependson the
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configurationof the biopolymer.Suchspace-dependefrictional
effectsarefamiliar in polymerdynamicsandarisefrom Oseen
interactionsamongthe polymer units 33
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