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The statistical mechanicsof systemswhose evolution is governedby mixed quantum-classical
dynamicsis investigated.The algebraic propertiesof the quantum-classicatime evolution of
operatorsandof the densitymatrix areexaminedandcomparedo thoseof full quantummechanics.
Theequilibriumdensitymatrix thatappearsn this formulationis stationaryunderthe dynamicsand
amethodfor its calculationis presentedThe responsef a quantum-classicadystemto anexternal
force which is appliedfrom the distantpastwhenthe systemis in equilibriumis determinedThe
structure of the resulting equilibrium time correlation function is examined and the
quantum-classicdimits of equivalentquantumtime correlationfunctionsare derived.The results
provide a framework for the computationof equilibrium time correlation functions for mixed
guantum-classicaystems. © 2001 American Institute of Physics. [DOI: 10.1063/1.1400129

I. INTRODUCTION

Often situationsarise where it is appropriateto study
compositedynamicalsystemswith interactingquantumme-
chanicalandclassicaldegreeof freedom.In condensednat-
ter physicssuch situationsoccur when one is interestedin
the dynamicsof a light quantumparticle or setof quantum
degrees of freedom interacting with more massive
particles' 2 Specificexamplesinclude proton transfef* sol-
vation dynamicsof an excesselectron® andnonradiativere-
laxation processef moleculesin a liquid-state environ-
ment® In thesecircumstancest is not feasibleto attempta
full guantumsolution of the Schralinger equationfor the
entire system.Consequentlyone is led to considerthe dy-
namicsof a quantumsubsystentoupledto a bathwherethe
environmentaldegreesof freedom are treated classically
Such mixed quantum-classicasystemsarise in other con-
textsaswell.”

Different formulations of the dynamicsof such mixed
guantum-classicalystemshaveappearedn theliterature.In
thesereduceddescriptionsof the quantumdynamicsthe en-
vironmental degreesof freedomare accountedfor by the
inclusion of dissipativeand decoherencéermsin the equa-
tions of motion®° through multistate FokkerPlanck
dynamic$® or representationsby quantum stochastic
processe¥’ Other approachesitilize a more detailedtreat-
ment of the classical environment. Theseinclude simple
adiabaticdynamicswherethe classicalsystemevolveson a
potentialenegy surfacedeterminedirom a single adiabatic
eigenstatepr Ehrenfestmeanfield modelswherethe classi-
cal evolutionis governedby a meanforce determinedrom
the instantaneouwalue of the quantumwave function**4
Thesedescriptiongproducea definite classicalevolution but
do not alwaysgive physically correctresults.If we relaxthe
continuity of thetrajectoryof the classicalvariables'®> we are
led to considersurface-hoppingalgorithms!®® Evolution
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equationdor the quantum-classicalensitymatrix wherethe

evolution operator is expressedin terms of a quantum-
classicalbrackethavealso beenstudied®? andtheir solu-

tions have been formulated in terms of surface-hopping
trajectories’®®

In this paperwe developthe statistical mechanicsof
mixed quantum-classicalystemsWe takeasa startingpoint
the evolutionequationfor the mixed quantum-classicaden-
sity matrix 21232629 Thjs equationmay be derivedby partial
Wigner transformingthe quantumLiouville equationover
the bath degreesof freedomcorrespondingo massivepar
ticles and expandingthe resultingevolution operatorto lin-
earorderin the massratio (m/M)Y2, wherem andM arethe
characteristicmassesof the quantumsubsystemand bath
particles respectively?® The resultingevolutionequationcan
berecastasanintegralequationin which classicaltrajectory
segmentsare interspersedvith environment-inducedjuan-
tum transitions and corresponding bath momentum
changeg’

The canonicalequilibrium density matrix for quantum-
classicalsystemsis constructedto be stationaryunderthe
guantum-classicaévolution. Its form is derived and com-
paredwith its full quantumanalog A linearresponseleriva-
tion is carriedout to determinethe responsdunctionandthe
formsof theequilibriumtime correlationfunctionsappearing
in quantum-classicasystems.Mixed quantum-classicatly-
namicsand the associateacorrelationfunctions presentdif-
ferencesfrom their full quantumanalogs:ldentitiesamong
quantumcorrelation functions hold only approximatelyin
the quantum-classicdimit andpropertiessuchastime trans-
lation invarianceare also only approximatelyvalid.

The paperis organizedasfollows: Sectionll presentshe
formal structureof mixed quantum-classicatlynamicsand
contrastst with that of full quantummechanicsin Sec.lll
we discussthe canonicalequilibrium density matrix and in
Sec.lV alinearresponsealerivationof the responsdunction
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is carriedout and a generaldiscussionof the propertiesof
mixed quantum-classicalorrelationfunctionsis given.Con-
cluding remarksare madein Sec.V and AppendixesA—C
containadditionaldetails.

II. QUANTUM-CLASSICAL DYNAMICS

Considera quantumsystemwhich may be partitioned
into two interactingsubsystemsa quantumsubsystenwith
particlesof massm, and a quantumbath with particles of
massM, (M>m). In orderto describethe distinctive fea-
turesof quantum-classicallynamics,we beginwith a brief
overviewof the algebraicstructureof quantumand classical
dynamicsin the Wigner representationf the quantumbath.

A. Quantum and classical dynamics

The von Neumannevolution equationfor the quantum
mechanicadensitymatrix p is

O
i~ HeM], (1)
whereH is the Hamiltonianof the systemts formal solution
is
ﬁ(t) —ILt"(O) e—lHt/ﬁ"(o)elHt/fl (2)
with iL=(i/#)[HA, ] the quantumLiouville operator
An alternativeform of the evolution equationmay be
obtainedby takingthe partial Wignertransformoverthe bath
degreesof freedom.This partial Wigner transform of the
densitymatrix is definedby

ZA
S|P

ﬁW<R,P)=<2wh>*3Nf dzeiP-Z/ﬁ<R— 5

V4
R+ §> ,
)

while the correspondindransformof an operatorA is given
by

AW(R,P)zf dzeiP'Z’ﬁ< R+g R— E>. (4

Both the density matrix and quantumoperatorsretain their

abstracbperatorcharactein the quantumsubsystentegrees
of freedombut arenow functionsin the (R, P) phasespaceof

the quantumbath.To proceedwve usethefact thatthe Wigner
transformof a productof operatorss given by*°

(AB)W(R,P)=Ay(R,P)e"2B(R,P), (5)

wherethe left andright acting differential operatorA is the

negativeof the Poissonbracketoperatoy
A:ﬁp‘ﬁR_ﬁR'ﬁp, (6)

andthe arrowsindicatethe directionsin which the gradient

operatorsact. Using this resultandtaking the partial Wigner
transformof Eq. (1) we find
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Ipw(R,P,1) i . A .
— = 7 (Hwe" P pu(t) = pu(D) "2 Hy)

[ -
- g(HAf’W(t) —pw(t)Hy)

=—ilwpw(t)
=—(Hw,pw(t))g- (7)

In theseequationswe have definedthe right (ﬁA) and left
(H,) actingoperators,

ﬁA: F'W( R, P)efl,/\/Zi ,

. . )
Hy=e" VR (RP) (

wherethe partially Wigner transformedHamiltonian I:|W is
2 n2

o " om T Vw(@R). (9)

Aw(R,P)=
Here p and § are the momentumand position operators,
respectivelyof the quantumsubsystenand VW(Q,R) is the
partially Wigner transformedotal potentialenegy operatoy
which is the sum of the quantumsubsystemguantumbath,
and subsystem-batpotentialenegies.

Thesecondequalityin Eq. (7) definesthe quantumLiou-
ville operatoriL,y in the partial Wigner representatiorand
the associated.ie bracket(H,y, )o. More generallythe Lie
bracketof two partially Wigner transformedperatords de-
fined as

A [ ..
(AWvBW)ng(AABW_BWAA)

i . . ~ A
— g (AWehA/ZI BW_ BWefI,A/ZIAW) ) (10)
Herethe A, andA, operatorsaredefinedasin Eq. (8) with

the replacementdy,— Ay .
The formal solutionof Eq. (7) is

Pw(R P t) e IHAI/fI (R P O)eIHAt/fL

= e‘iLW‘ﬁW(R,P,O). (12)

A similar setof equationsmay be written for the evolu-
tion of anyquantumoperatorA. In the Wignerrepresentation
these equationsand their solutions, respectively take the
form

dAw(t) . . .
and
An(t) = eiLWtAW: eiH‘At/fz,AWe—iﬁAt/f,. 13

[We shall drop the dependencef quantitieslike Ay (R,P)
on the bath phasespacecoordinatesvhen confusionis un-
likely to arise]

The Wigner transformof a productof operatorssatisfies
the associativeproductrule,
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(ABC)w=((Awe""?By)e"Cy)
— (AweﬁAIZi ( Bwefz,AIZi éW)) , (14)

with an obvious generalizationto productsof n operators.
Considera quantumoperatorC= AB which is the productof
two operatorsSincethe time evolution of c may be written
asC(t)=A(t)B(t), its partial Wigner transformis

Cw(t)=An(t)e" 2B (1). (15

We may also obtain this resultby consideringthe action of
the Liouville operatoron the operatorproductin the partial
Wigner representation:

A i~ . .
i LWCW:%(HWehA/ZI(AWeﬁ AJ2i BW))

i A .
_ ?l ((Aweh,A/ZI BW) esz/Zl HW)

= (iLwAw) "™ @By + A" (iLyBy). (16)

In writing the last line of this equationwe have usedthe
associativeproperty in Eq. (14). From this result we may
immediatelycomputethe repeatedactionof i L, on C,, and,
usingthe definition of the exponentiakvolutionoperatorasa
powerseriesfind Eq. (15) by identificationof the two power
seriesexpansionsWe shall makeuseof this lengthierroute
to Eq. (15) in the sequelwherethe analogousiemonstration
for mixed quantum-classicasystemsis not so straightfor
ward.

The quantummechanicalie bracket,eitherin its origi-

nal form as (i/%)[A,B] or in its partially Wigner trans-
formedform (Ay,By)o, satisfiesthe Jacobiidentity,

(AWa(BWvéW)Q)Q_l_(éWa(AWvéW)Q)Q

+(BW1(CW1AW)Q)Q:O- (17)

We may remark on severallimiting situationsof this
generalformulation of quantumdynamics.If the quantum
bathis absentand the systemcomprisesonly quantumsub-
systemdegreef freedom,we simply havethe usualquan-
tum dynamical descriptionin terms of the von Neumann
equation(1). If one considersthe quantumbath dynamics
alone without a quantumsubsystempne has the ordinary
Wigner representatiorof qguantummechanicsand all par
tially Wigner transformedoperatorsbecomesimple phase
space‘unctions:AW(R, P)—Aw(R,P). Theclassicalimit of
the quantumbath dynamics,which consistsin keepingonly
termsof order#° in the evolution operator is obtainedby
thefollowing truncationof the powerseriesexpressiorof the
exponentialoperator:expfiA/2i)=1+AA/2i. In this limit
the bracket(Hyy, )o reducesto the Poissonbracket{Hyy, }
and the Wigner representationof the quantum Liouville
equationbecomesthe classicalLiouville equation,dpc/dt
=—{Hw,pc}=—iLcpc(t), whosesolution may be written
as

pC(R! P,t) = eiiLctpC(Rv P,O)

:e—l/mWAtpC(R’P,O)eIIZAHWt. (18)
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The Poissonbracketis a Lie bracketand satisfiesthe Jacobi
identity. Of course,productsof classicalphasespacefunc-

tions satisfy the associativeproperty Consequently both
guantumand classicaldynamicshavea Lie algebraicstruc-
ture and productsof quantumoperatorsor classicalphase
spacefunctionssatisfy an associativegproductrule.

B. Quantum-classical dynamics

The formulation of quantum dynamicsin the partial
Wigner representatiomllows the limit of a mixed quantum-
classicakystemto betakeneasily In suchquantum-classical
dynamics,the full qguantumdynamicsof the subsystemis
takeninto accountwhile the bath, in isolation, evolvesac-
cording to the classicalequationsof motion. This limit is
takenby replacingH , andH, by their expansiongo first
orderin #:

- N N hA
HAHHA:HW 1+? ,

19
- - AN\ . (19
HA*)HA: 1+? HW

Thefull systemevolution,whichincludestheinteraction
between the quantum subsystemand classical bath, is
then given by the mixed quantum-classicalLiouville
equation?®-2

Ipw(R.P.t i . 1
%): - ;L_[Hw,ﬁw(t)]+ > (Aw.Aw(t)}
—{pw(t).Fu})

=—(Hw,pw()=—iLpw(t).

The last equalitiesin Eq. (20) define the mixed quantum-

classicalLiouville operator, and the bracketwhich takes
the form?324

(20

- a [ . -
(Aw,Bw) = 7 (AxBw—BwA,)

N N hA\ L
Bw—Bw/ 1+7 Aw

i . . 1 . . P
=+ TAwBul— 5 ({Aw.Bul— (B Aub), (2D

where A, is definedas™, in Eq. (19) with Ay, —Ay. The
bracketreducego the quantumLie bracket(i%) ™[ Ay,Bw]
when the classicalbath is absentand to the classicallie
bracket(Poissonbrackej {Ay,,Bw} whenthe quantumsub-
systemis absent.

Using this notation, the evolution equationsfor py(t)

andan operatorA,, aregiven, respectivelyby

Ipw(t N
PD B pudt)

(22

and
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dAw(t) . .
Y P Aut),

(23

in apparentompleteanalogywith pure quantumand classi-
cal dynamics.However a numberof importantdifferences
exist which we now examine.
Considerthe product of three operatorsin the mixed
guantum-classicdlmit. From Eq. (14) we have
1+ il B
2 )W

e

f ~ A R
~ 7 (AuABwACW)

1+

A\ L
_CW)

(ABC)WH( (AW Zi

(A

—(AwA(BwACWw))), (24)

wherethe lasttermis O(#%2). Thus, the associativgproduct
ruleis no longerexactbutis valid only to termsO(%2). This
hasimportantimplicationsfor the dynamics.In particular in
this limit, considerthe actionof the mixed quantum-classical
Liouville operatoron the product of two operators,éw
=Aw(1+%A/2)By:

|

ALY .
o)

1+h
Bl

1+ hh
el

A [
(A
h

hA

=(iZAW)(1+—

W

o7 |Bw

(iLBw)+O(h). (25)

+A 1+ﬁA
T

Thus, while Eqg. (16) is exact, the correspondingquantum-
classicalequationis valid only to terms O(%). From this
resultit follows that

(e£1Byy) +O(h)

. " - hA
Cw(t)=€"*'Cyy=(e'“'Ay) T

Bw(t)+O(h). (26)

. ( hA
=Ap(t) 1+7

Consequently the evolution of a composite operator in
guantum-classicalynamicscannotbe determinecexactlyin
terms of the quantum-classicaévolution of its constituent
operatorsput only to termsO(#), in contrastboth to quan-
tum and classicaldynamics.This resulthasimplicationsfor
the computationof time correlationfunctions discussedn
Sec.V.

The Jacobi identity involving the quantum-classical
bracketis valid only to termsO(%):

(Aw.(Bw.Cw) +(Cw.(Aw,Bw) + (Bw,(Cw.AW)

=0(h); (27)
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thus, the quantum-classicabracket is not strictly a Lie

bracket.As a consequence?oissors theorem,which states
thatthe Poissorbracket(or the quantumLie bracke} of any
two constantf the motionis alsoa constantof the motion,

fails. More generally from this resultwe concludethat prod-

uctsor powersof the constant®f the motionareconstantof

the motion only to O(%).

The formal solutionsof the equationsof motionthatpar
allel thoseof full quantummechanicalsorequiresomedis-
cussion.For example the formal solutionof Eq. (23) canbe
written as

Aw(t) — eiﬁtAW: S(eiHAt/hAWefiHAt/h) ) (28)
Here the operatorS specifiesthe rule that must be usedto
evaluatethe exponentialoperatorsan the secondequality in
Eq. (28). AppendixA givesthe detailsof the rulesthat must
be followed in order for the formal solution involving the
exponentialsof the left 7—?A and right H, operatorsto be
equivalentto thatobtainedusingthe quantum-classicdliou-
ville operator

Given this compact formulation of mixed quantum-
classicaldynamicsthat exploits the formal similarity with
full guantummechanicsyve turn to a descriptionof the sta-
tistical mechanicsof suchsystems.In the next sectionwe
considerthe determinatiorof the equilibrium densitymatrix
for a mixed quantum-classicadystemand then turn in the
following sectionto a moregeneralktudyof the propertiesof
equilibrium time correlationfunctions.

lll. EQUILIBRIUM DENSITY MATRIX

The quantummechanicalequilibrium canonicaldensity
matrix hasthe familiar form

pO=7"le AH, (29)
whereZ is the partitionfunction, Z= Tr exp(— 8H). Its partial
Wigner transformis given by

z

f)We(R,P)=J dzeiF"Zm<R—E (30

PeIR+ 5

We denotethe correspondinganonicalequilibriumden-
sity matrix in the quantum-classicalimit by pwe(R,P)
which is definedto be the approximatiorto py,.(R, P) thatis

stationaryunderquantum-classicalynamics:

YA
ol

o~ . -
|£pWe:g(HAPWe_ pweHa)=0. (31

The solution of Eq. (31) canbe found in the following
way: we first write p\y. asapowerseriesin # [or in themass
ratio (m/M)2 if scaledvariablesareused

Pwe= 2 A"l (32)
Substituting this expressionin Eq. (31) and grouping by
powersof 7%, we obtainthe following recursionrelations:for
n=0:

i[Aw, Al =0 (33
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andfor n=0,

|[F|W Z’ng)]:%{ﬂw i)(Wne {pWei W}' (34)

An analogousset of recursionrelationsmay be written
for the partial Wigner transformof the full quantumme-
chanicalcanonicalequilibrium density matrix. Theserecur
sionrelationsaregivenin AppendixB whereit is shownthat
pWe(R P) and pwe(R,P) areidenticalto O(%). We shall
exploit this featurebelow wherethe solutionsof the mixed
guantum-classicakecursionrelationsare presented.

It is convenientto analyzethe structureof the recursion
relationsandobtaintheir solutionsin an adiabaticbasis.The
adiabaticstatesaredefinedto be the eigenstatesf the quan-
tum subsystenwith fixed classicalcoordinates,

hw(R)|a;R)=E,(R)|:R), (35)
where
D2
Aw(R) = 5—+Vi(G.R). (36)

Taking matrix elementsof Egs. (33) and (34), respec-
tively, we find,

[ Eaa'PS/eeM 0, (37)
IE (n+1)ﬂ/ﬂ/ aa’p(Wneaa +2 Ja/a/ VV’pWéVV .

(38)

This setof equationss equivalentto = ,,/i L,/ w,pWe 0

with py. wntten asa powerseriesin #. In theseequations,
usmgthe definitionsin Ref. 26, we havethe classicallLiou-
ville operator

L i —+ = (F3+F 39

I aa' = M (9R 2( w W) ( )
where F& = —(a;R|&VW(q,R)/aR|a;R> is the Hellmann-
Feynmanforce for state o, the enepgy differencekE,, (R)
=E_ (R)—E,/(R), and the term responsiblefor nonadia-
batic transitions,

J = P d 1+1S i )
aa’ vv’ T M av E av'&_P a' v’

P d* 1S i ) 40
M- a' v’ 2 ’V"ap av ( )

In this equationthe nonadiabaticoupling matrix elementis

dyor=(a; R| |a 'R), (41
while the quantity S, is definedas
P -1
SaV:(F Fwéav)( aV
P -1
= Eavdav(m : dav) ) (42)

and specifiesthe momentumtransferto andfrom the classi-
cal subsystenarising from quantumtransitions.
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Equation(37) providesno information aboutthe diago-

nal elementsp{%)**= p{9) but requiresthat the off-diagonal

elementSp(O)“" be zero. Similarly, Eq. (38) for n=0 pro-
vides no information about the diagonal elementsp{;**

=p{He put relatesthe off-diagonal elementsp{t)**’ to the
diagonalelementsp{%)*. For n=1 Eq. (38) determineshe

dlagonalelementaa(”)“ in termsof the off-diagonalelements
of the sameorder andthe off-diagonalelementsp (- D" in

termsof the diagonaland off-diagonalelementsof p{e’
Thus, providedwe know the diagonalelements{3)* thereis
sufficientinformationto determinethe completesolution of

piss
The methodusedto solve Eq. (38) for the diagonalele-

mentsp{)* requiressomediscussionWriting this equation
explicitly for the diagonalelementswe have

L™= 2 2R(Jaa Pl ), (43)
v>v'
wherewe haveusedp{s = piie” andJd,, ., =J%, ., and

thefactthatJ,, ,,=0 whena real adiabaticbasisis chosen.
Theleft-handsideof Eq. (43) consistsof a linear self-adjoint
differential operatoriL , acting on the diagonalelementsof

the density matrix, iLap\(,C)e“—{Hﬁ,,p\(,{})“} and, due to the

Poissonbracketform of this operatoy one can determine
pwa only up to a constanif the motion underthe adiabatic
HamiltonianHy, . To insurethata solutioncanbe found we

mustinvoke the theoremof the Fredholmalternativewhich

requiresthatthe right-handside of Eq. (43) be orthogonalto

the null-spaceof iL , .3 This null-spaceconsistsof the con-

stantsof the motionunderthe adiabaticHamiltonianH y,—at

leastany function F(Hy,(R,P)) of this Hamiltonian.Hence
we mustverify thatthe following conditionis satisfied:

| dRAP S Rl PR -0, (49

v>v'
We show in Appendix C that R(J . p{ih""") isano dd
function of P. This, along with the fact that F(Hyy) is an
evenfunction of P sinceit is a function of the Hamiltonian,
guaranteeshe validity of Eq. (44).
Thus,we may write the formal solutionof Eq. (43) as

(Na_

Pwe (45)

(IL ) ! 2 Zm(Jaa VV’p(n)VV)

v>v'

andthe formal solutionof Eq. (38) for a# «’ as

(n+1)aa’ (Naa’ _

P
Pwe :E (ILaa’pWe

2 ‘Jaa',vv’pW()ayv
(46)

Using the formal resultsoutlined above,we may con-
struct the form of the mixed quantum-classicatanonical
equilibrium densitymatrix. In AppendixB we showthat

aa’

pQe=7 le=BHy 7= 2 dedPe BHW,  (47)

andthatp(l)“ 0. Then,takingn=0 in Eqg. (46) we obtain,

after somealgebra,
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, P B
laa B 0)a 1 — ’
pSNZZ‘ —I M 'daa’p§N()e (2( +e PEq a)

1_eiﬁEa’a
+E—)(1—5aa,).

aa’

(48)

We may then usetheseresultsin the recursionrelationsto
obtain all higher order termsin the expansion.The higher
order terms are more difficult to evaluateand, as we shall
showin thefollowing section,the explicit solutionsto O(%)
will sufficesinceall resultswe canobtainarereliableonly to
this order

IV. TIME CORRELATION FUNCTIONS

To deriveexpressiongor transportpropertiesn termsof
equilibriumtime correlationfunctions,onemay considerthe
responseof a systemto an externalforce using linear re-
sponsetheory or monitor the equilibrium fluctuationsin a
systemn this sectionwe examinelinear responseheoryfor
mixed quantum-classicaystems.

A. Response function

Standarddescriptionsof linear responseheory’? assume
that a systemwhich is in thermalequilibriumin the distant
pastis subjectedto a time dependentexternal force. The
responsef the systemto this externalforceis determinedyy
computingthe averagevalueof somepropertyattimet using
the densitymatrix determinedo linearorderin the force.We
adopta similar point of view hereexceptthatwe supposehe
systemfollows quantum-classicatlynamicsinsteadof full
guantummechanics.

The mixed quantum-classicasystemis subjectedto a
time dependenéxternalforce F(t) which couplesto the ob-

servableA], (1 is the adjoint andis appliedfrom the distant
past. The partially Wigner transformedHamiltonian of the

systemin the presencef the externalforce is
Aw(t) = Hw—ALF(t). (49

The evolution equationfor the density matrix is obtained
from Eq. (22) by replacingH, and7, by H(t) andH (t),
respectivelyto yield

Ipwt N )
p:;vt( : = (i) " H(HA(D) (D) — Pw(DHA(L)
= —(IL=iLAF (1) pu(b),

whereH , (t)="H,—A,F(t) andiL, hasa form analogous
to iZ with Al, replacingHy,, iZ,=(Al,, ). The formal
solutionof this equationis found by integratingfrom t, to t,

(50

—iL(t—tg)

pw(t)=e pw(to)

t Iy AV
+ | dt’ e DL pw(t ) F(E).

to

(51)

Choosingpy(tg) to be the equilibrium density matrix,
Pwe, definedto beinvariantunderquantum-classicalynam-
ics, i Lpwe=0, the first term on the right-handside of Eq.
(52) coincideswith py, andis independenbf t,. We can

Nielsen, Kapral, and Ciccotti

now assumethatthe systemwith HamiltonianH, is in ther
mal equilibrium from t= —o up to ty. With this boundary
condition, to first orderin the externalforce Eq. (51) yields

t o oA
pul=puet |t e HiL G F(). (62

The nonequilibriumaveragevalue of any operatorl%w
over the density matrix py(t), B(t)=Tr fdRdP Bypw(t)

may be computedo determinethe responsef the systemto
the externalforce. Using Eq. (52) we may write this as

R t A o oA
ABW(t)zf dt’Tr’J' dRdP Bye "“Ui LapweF ()
t At s
:_f7 dt’((Aw,Bw(t—t")))F(t")

t

= [ dv gant-tF), 59
where ABy,(t)=By(t) = (By). In this equationwe made
useof integrationby partsandcyclic permutationsinderthe
traceto move the evolution operatoronto By, andiZ, onto
Bw(t—t'). Thenusingthe definitionof i £, asthe quantum-
classical bracket and the definition of the average(f,)

=Tr'fdRdP fypwe for any operatorf,,, we arrive at the
form in the secondliine. The prime on the tracedenoteghe
fact thatthe traceis over the quantumsubsystenstatesThe
lastline definesthe responsdunction ¢g, Whichis givenby

bea(t)=—((A}y,Bu(1)).

The responsdunctionin Eq. (54) was derivedby consider
ing a systemfollowing quantum-classicalynamics,in equi-
librium in the past, subjectto a time dependentexternal
force. This quantum-classicalesponsdunction shouldnow
be comparedwith the reductionof the responsdunction for

a fully quantummechanicakystemto its quantum-classical
form.

The quantumexpressiorfor the responsedunction is>2

(54)

$EA(D) =~ %TF[AT,?)S]B(U - %Tr[i\*,ém]ﬁs, (55)

which, taking the partial Wigner transform of the second
equalityin Eq. (55), may be written as

i . A
¢SA(t>=—Tf’f dR dP%(A\JSVeMIZ'Bw(t)
—Bu()e"VAAT )R
i oA ~ -
= —Tr'f deP%(AABW(t)—Bw(t)AA)i)\?\le

=—((Aly.Bw(1))o)- (56)

To obtain the first equality we have usedthe fact that the
partial Wigner transformof Tr AB=Tr’ f[dR dP AyBy, .

We wish to take the mixed quantum-classicalimit of
this expressiorbut this cannotbe doneby a simple expan-
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sionin #. Mixed quantum-classicallynamicsis definedby
the evolution equation(20) wherethe evolution operatoris
obtainedby an expansionto first orderin # (or the mass
ratio); however the time-evolveddensitymatrix containsall
ordersin # sinceit involvesthe exponentiabf the evolution
operator The sameargumentsapply to operatorsat time t
andthe equilibrium densitymatrix.

As anansatzonemay replacethe time dependenbpera-
tor By(t) and the quantumequilibrium density matrix ﬁ\?\,e
by their quantum-classicaforms. In addition, we may re-
placethe quantumLie bracket(, ) o by its quantumclassical
analog,(,)o—(,) which is equivalentto replacingthe ex-
ponentialoperatorexpiA/2i) by its expansiorto linear or-
derin #, expiA/2i)—1+AhA/2i. After thesereplacements
the responsdunction takesthe form

bpa(t)=—Tr' f dRdP fIL—(AQ;\,(le HiAI21)By(t)

—Bw(t)(1+hA/20)A}) pwe

=((Aly.Bw(1))), (57)

which is exactlythe resultin Eq. (54) obtainedby perform-
ing a linear responsederivation directly on the mixed
guantum-classica¢quationsof motion. This entitles one to
use the above intuitive correspondenceule to convert a
guantum mechanical correlation function to its mixed
guantum-classicadnalog.

In thelinearresponsapproacho dynamicalphenomena
thereare varioususeful equivalentwaysto representhe re-
sponsefunction. Moreover since the responsefunction is
essentiallyan equilibrium correlationfunction, its computa-
tion is generallysimplified by usingthe symmetryproperties
of the equilibrium system.As we shall seein the next sec-
tions the situationis much less favorablein the quantum-
classicalcasesincemanyof therigorousequivalencegstab-
lished in quantumor classical responsetheory are only
approximatelytrue in the quantum-classicdimit. The first
and most important equivalenceis obtained through the
Kubo identity; therefore,we begin our discussionwith this
case.

B. Kubo transformed correlation functions

In quantummechanics correlationfunctions often ap-
pearin Kubo transformediorm. Making useof the quantum
mechanicaldentity,

%—[AT,f)S]z fﬂdx POAT(—iAN), (58)
0

in the first equality of Eq. (55) we may write the response
function as

$Su(D)=— ffdx TrA = iAMB(D A
=—de>\ Tr’f dRAP(AT(—ifN)
0

X e"™MAB (1)) pe (59)
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where we have again written the secondline in partially
Wigner transformediorm. Using the correspondenceaule to
takethe quantum-classicdimit of this expressionye obtain

¢BA(t)=—f:dx Tr'f dRAP(AN(—i%i))

X (1+HAI2D)Bu(t)) pwe - (60)

We shallshownow that Egs.(57) and(60) arenot equal
and agreeonly to O(#). The quantummechanicalidentity
[Eg. (58)] usedto obtain the Kubo transformedcorrelation
functionusesthe explicit form for the thermaldensitymatrix

of pY=2z"te M. In thequantum-classicalasethe structure
of pwe is complicated(seeSec.lll) andwe do not havea
closedform expressiorfor it. Consequentlyit is necessaryo
obtainan expressiorfor py, thatis analogougo f)eQ sothat
manipulationsparallel to thosein the quantumderivation
may be performed.We shall seethat this is possibleonly to
terms O(#2).

The unnormalizedequilibrium quantumdensity matrix,
(2, satisfiesthe Bloch equation,

10
aﬁe =-A0%=-0%A.

Taking its partial Wigner transformwe may write it in the
form

(61)

(62

with the boundarycondition 0Q(8=0)=1.

The normalizedformal solution (taking into accountthe
boundarycondition is

PQe=Z"1(e FHa1)=2"1(1e AMn), (63)
By the usual rule the guantum-classicalimit should be
obtainedby the replacement , —7H, . However by direct

calculation one may show that (exp(-8H,)1l) and
(1 exp(~BH,)) agreeonly to first orderin #.%% Moreover to
first orderin # they alsoagreewith p\,. whoseexplicit form
to this orderis givenin Eqgs.(47) and(48). Thus,to this order
theseexpressionsnay be usedinterchangeably

The Kubo identity (58) in the partial Wigner representa-
tion is

~ B e

(PRe Al o= fo d\ PR MEAL(—ihN), (64)
andits quantum-classicanalog,which holdsonly approxi-
mately is

Al(—iaN)+O(h)

1+ﬁA
El

~ B
(e Al = [ " e
=K+ O(h). (65)

This resultis derivedasfollows: performingtheintegralover
\ we obtain
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K=~ Pwe S(eFMaAL e BHa)

1+ i
el

+ ﬁWe

1+ hA Al
2i W

y hA - . -
= _Z*l(le*BHA) 1+ ? S(eBHAAQ;Ve—[;HA)

A\,
T Al +O(h?),

2

+ Pwe (66)
wherewe haveusedone of the “‘equivalent’ expressiongor
Pwe, andwe remindthe readerthatthe interpretationof S()
is given in Appendix A. Next, expandingthe exponential
operatorandusingthe quantum-classicalssociativegroduct
rule [valid to termsO(%?)] we may showthat

- hA -
(le P 1+ o | =e M+ 0(#?), 67)
hA - .
L+ 57 |(e FM1)=e A+ O(h?), (68
andusetheseresultsto manipulateEq. (66). We have
ihK=— Z_le_BﬁAS(e.B'}?{AA\RIe—B'):lA)
. A - )
+Pwe| 1+ o | Awt O 7). (69)

To further simplify the right-handside of this equationwe
usethe relation
e BT S(eFTaALe By = Al e M+ O(h?),  (70)

which may be provedby directexpansiorof the exponential
operatorsThenusing Eg. (68) we have

. hA - hA\
iﬁicz—zlA\T,v(H7 (eﬁ71fA1)+,3W8(1+7 Al
+0O(h?)
<y AN\ A\ ., ,
=ifi(Ppwe A + O(#). (72)
Startingwith Eg. (54) andusingEq. (65) gives
Gor(t)= =T [ IRAP(AL Butt))pue
=—Tr’f dRdP(pwe Al Bu(t)
B X
=—f der'dedP(A\*N(—iﬁm
0
HA\ .
X| 1+ 5 |Bult) | pwet O(h). (72)
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The last equality hasbeenobtainedby substitutingEg. (65)
andthenusingcyclic permutatiorof thetraceandintegration
by parts.

Following Kubo, we may definea new correlationfunc-
tion, alsoin the mixed quantum-classicdlmit, by

Ay Bu(t —ifﬁde'dedP<AT —ifhN
<W'W()>_,30 r w(—I17AN)

X (73

AAY .\
1+ 5 Bw(t) | pwe -

2

Using this notation, the responsefunction may be written
simply as

beat) = — B{Aw:Bw(D) +O(h). (74)

Equation(74) may be usefulin practicalcalculations How-
ever since the equivalencebetweenthe two forms of the
responsdunction[Egs.(57) and(74)] cannotbe established
to all ordersin #, the magnitudeof their numericaldifference
mustbe evaluatedn specificapplicationsin orderto deter
mine the applicability of Eq. (74).

C. Time translation invariance

For both quantumand classicalsystemsin equilibrium
the time evolution of an observablegeneratesa stationary
randomprocessin particular ensembleaverage®f observ-
ablesareindependenbf time andtime correlationfunctions
do not dependon the time origin but only on time differ-
encesFor quantum-classicalynamicsthe ensembleaverage
of an observablds independenof time,

Tr’f dePAW(t),sWezTr'f dRdP(e'“'Ay) pwe
=Tr' f dRAPAy(e ' hwe)

=Tr f dR dPAy we. (75)

wherewe have usedthe stationarityof py., while for the
time correlationfunctionin Eg. (57) we only have

((Aw Bw(1)=((Aw(7),Bu(t+ 7))+ O(h). (7
Indeed,for the exactequalityto hold one needs
- AA\ . < hA\ .
Ap(7) 1+? Bw(t+ T):<AW 1+7 BW(t))(T).
(77)

A specialcaseof this is, for any operatorsC,, and Dyy,
Cw()[1+ (AA2)IDW(t) = (Cu[1+ (AA/2)IDW) (). A
necessanand sufficientconditionfor this to be trueis

1“6
+ 57 |Pw

iz(éw

=(@iLCy) Dw+Cw (iLDy). (79

1 hA
o

1 hA
o
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However we haveshownin Eg. (25) thatthis is true only to
O(h). Thus,time translationinvarianceis valid only approxi-
matelyin quantum-classicalynamics.

V. CONCLUSION

The resultsobtainedin this paperprovide the basisfor
the computationof equilibrium time correlationfunctionsin
many-bodyquantum-classicatystemsThe numericalcom-
putationof time correlationfunctionsentailsboth the simu-
lation of the evolution of dynamicalvariablesor operators
thatenterin the correlationfunction of interestandsampling
over a convenientweight function (exp(— 8Hy)) which is
part of the quantum-classicatanonicalequilibrium density
matrix. Algorithms have beendevelopedfor the simulation
of quantum-classicavolutionandtheir further development
is a topic of continuingresearchSamplingmethodsfor the
calculationof quantum-classicdlme correlationgequiread-
ditional considerationsTypically, in simulationsof classical
equilibrium time correlationfunctionsthe ensembleaverage
is replacedby a time averageandthe informationneededo
samplefrom the equilibrium distributionis obtainedfrom a
long moleculardynamicstrajectory The validity of sucha
procedurehingeson the assumedergodicity and stationarity
of the systemandreplacedirect samplingfrom the equilib-
rium distribution using Monte Carlo methodsby a time av-
erage.This ensembleaveragemethodhas beenusedocca-
sionally but sinceit is not necessanandis algorithmically
more complex, requiring both Monte Carlo and molecular
dynamicsprogramsijts practicalimportancehasbeenminor.
For qguantum-classicaystemaneitherthe assumptiorof er
godicity nor stationaritycanbe madeand samplingfrom the
equilibrium distribution or anothersuitableweight function
mustbe carriedout to evaluatethe correlationfunctions.

The analysispresentedn this papergivesall of the in-
formation neededto computeequilibrium time correlations
in the quantum-classicalimit in a consistentfashion and,
thus, providesa useful way to treat a large classof many-
body systemswhere the environmentaldegreesof freedom
havea classicalcharacter
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APPENDIX A

The meaningof the formal solutionin the secondequal-
ity in Eq. (28) will be establishedhereby comparingthe two
formsin this equation

Au(t)=38( oI At/ Awefiﬁl\t/fz,) ,

and

(A1)
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Thefirst few terms(thoughtof asa powerseriesexpan-
sionin it/#) are,from Eq. (A2),

it t2

e “Ay=Ay+ %(HAAW_AWHA) - W(ﬁAﬁAAW

— FAAWH ) — (HAAW) Fip+AwHAHL)
it oL oL L L L

i3 (HAHAHAAW—HAHA(AWHA)

— HA((HAAW FH L)+ HA(AWHAHY)

— (FAHAAW Fp + (HA(AHA) ) H

+ (HAAWHATA—AWHAHA L)+, (A3)
and,from Eq. (Al),
SelHat/h Age Hptlh

S | |
=Awt gS(HAAW_ AwHA) — WS(HAHAAW

C e o .. it Lo L
—2H\AWHA +AWHAHA) — &3 S(HAHAHAAW
- 3ﬁAﬁAAWﬁA + 37:21\/8\\/\/7:21\7?[/\
—AWHATIA )+ (A4)

For theseexpressiongo agreewe must make assignments
like

S(HAAWHAHA)
= H(HAAW HAH A+ (H (AW Hy

+HA(AWHAHA))- (A5)
In generalthe term S((H,)'Aw(H,)¥) is composedof (

+k)!/jlk! separategermseachwith a prefactorof jlk!/(]

+k)!. Eachof theseseparatdermscorresponds$o a unique
associationof termsindicating the order in which the H
operatorsact.

APPENDIX B

This appendix concernsthe relationship betweenthe
quantumﬁ\?\,e(R, P) and quantum-classicapy.(R,P) equi-
librium densitymatricesin the canonicakensembleWe begin
by deriving the recursionrelationsfor the quantummechani-
cal equilibrium densitymatrix.

The thermal density matrix f)\?\,e is stationaryunderthe
guantumdynamicsin Eq. (7),

O:(HW1E)\(/?V6)Q

i ‘ n
=7 (Awe" pe— pRee" 2 Hy). (B1)
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If we substitutethe expansion,

[

2 n)ﬁn

(B2)

into Eq. (B1) andgroupby powersof # we obtain(usingthe

fact thatthe P dependencef H is of the form P2/2M)
0=(i%) " [Fw.p¥ 1, (B3)

0= ([ PR~ B3O A A+ A PSD), (BY)

- Lo Lo os
0=ﬁ1(—l[HW,p%@HEp‘v%(e“AHW—EHWApSJJ

1
~ 0 0
+ _P\?\/(e )AZHW_ 8_ HWAZP\(/D\/(e) )

8i (BS)

1 1
0=t ( —i[Aw. R+ 5 pie AHw— 5 HwA pRe

1 1

g PPNy~ o HWAZRD - pGOA,

i ASHRY (B6)
48" "W ’

andsoon. Theseresultsshouldbe comparedwith the mixed
guantum-classicalecursionrelationsgivenin Egs.(33) and
(34).

Notice that the first two recursionrelationsareidentical
in the quantum-classicandfully quantummechanicakys-
tems [see Eqgs. (33) and (34) for n=0, (B3), and (B4)].
Hence,we can calculatethe first two termsfor the quantum
mechanicakystem(in the partially Wigner transformed-ep-
resentation and the results will also be valid for the
guantum-classicadystem.

In quantummechanicswe have for the unnormalized

canonicalequilibrium densitymatrix, 3,
Q\%lez (ei'BH)W

2
=1-BHy+ %I:Iwe”A’Z‘HW— (B7)
This powerseriesin 8 mustbe convertednto a powerseries
with respectto %. Extractingthe first two termsin this new
power seriesgives

. - hHy e (—B)"2
Q _ a=BHwy4 w
Ofe=e MWt o =5 2 g

My ~ -
X 2 (n—2j Al —WH‘ L+O0(h?), (B9
afterisolatingthe zerothandfirst ordertermsandproving by

inductionto first orderin # that

oo Ay -

(A" 2) (= 2 9P 2 (n— ZJ)HCVJWHJ (B9)

The operatorsHy, anddH,y/JR do not commuteandso the
ordermustbe preservedas shown.
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It is possibleto showthatin the adiabaticbasisrepre-
sentation(properly normalized theseare the resultsquoted
in Egs. (47) and (48). We have establishedhe equivalence
betweenthe secondterm on the right-handside of Eq. (B8)
and Eq. (48) by a direct calculationwhich showsthat the
matrix representatiof this termin Eqg. (B8) is the sameas
the Taylor expansiorof Eq. (48) in powersof 8.

APPENDIX C

Here we establish that %(Jaa’vvrp\(,%”V) isa no dd

function of P. Using the definitions in Sec. lll, this is
equivalent to the condition that 2R((—(P/M)- dw,

1E 0 d*, (919P))p{*®") be an odd function of P or,
choosingto work with a real adiabaticbasisso thatd,,: is
real, this simplifies to the conditionsthat PR(p{1**") and
9l aPR(p{M*") be odd functionsof P. The effect of multi-
plication by P or differentiation with respectto P is to
changethe parity of the factor R(p{}**"), if indeedthis
factor has a definite parity; thus, we must show that
R(pM*") is an evenfunction of P. For technicalreasonst
will alsobe usefulto showthat‘s(p(“)‘m ) isan oddfunction
of P.

We use an inductive proof. The statementsre true for

n=1. From Eq. (48) we seethat p{})**=0 andthat p{8**’
is pureimaginaryandoddin P for a# o'. Assuming

R(p\Mee’)  even function of PVa,a’,n, (C1)

I(p\Mee’y  odd function of PVa,a’,n, (C2

we show that theseconditionsare true for n+ 1. From Eq.
(46) we have

1 P o )
RipWe V)= g—1{ =31 5 3P
__(Fa/+|:a/) J( (n) aa)

n_r

W)

an P
_2< ( SRV

P
J(pimee’ ))]

TRV
(C3

Eachof thetermson the right-handsideis evenwith respect
to P so R(p{l V%) is even in P. The analysis of

J(pS,Ce+ 1)‘”“’) is similar andwill be omitted. Thus, the state-
mentis true for n+1 completingthe inductive proof.
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