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We show that linearization methods, commonly used to approximate the evolution of the density oper-
ator in mixed quantum-classical systems, can be justified when a small parameter, the ratio of masses of
the quantum subsystem and bath, is introduced. The same parameter enters in the derivation of the
quantum-classical Liouville equation. Although its original derivation followed from a different formal-

ism, here we show that the basis-free form of the quantum-classical Liouville equation for the density
operator can also be obtained by linearization of the exact time evolution of this operator. These results
show the equivalence among various quantum-classical schemes.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Quantum-classical methods are currently the only viable com-
putational tool to study the dynamics of relatively large systems in
which the quantum properties of a subset of degrees of freedom
play an important role. These methods usually start from a full
quantum description of all the degrees of freedom and then parti-
tion them in two subsets (the quantum subsystem and the bath). A
partial classical limit for the evolution of the bath is then taken and
the way in which this is done distinguishes the various approaches
[1-4]. Some approaches are derived from well-defined approxima-
tions to the quantum dynamics of the entire system, while others
follow from physically motivated ansdtze on the evolution equa-
tions. Since the various methods are based on rather different pre-
mises, even the relationships among those derived from well-
defined approximations to the quantum dynamics have not been
established. The analysis of these relationships is a worthwhile en-
deavor that can provide one with a better understanding of the rel-
ative merits of the approaches, help to clarify the different
approximations on which they rely, and can lead to better algo-
rithms for their simulation.

In the following we shall consider two such methods, the quan-
tum-classical Liouville (QCL) approach and the family of tech-
niques known as linearization methods (LM). Linearization
methods start from a path integral representation of the Heisen-
berg time evolution of an operator. The forward and backward
paths representing the propagators are expressed in terms of mean
and difference variables, and the evolution is approximated via an
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expansion of the phase of the path integral to linear order in the
difference variables. This approximation reduces the evolution of
the path of the mean variables to a time stepping algorithm whose
complexity is similar to that of classical mechanics. The advantages
of this approach, which was originally devised for Born-Oppenhei-
mer dynamics [5-9] and then generalized to non-adiabatic prob-
lems [10-13], have been demonstrated, but the approximation
has been formally justified only for quantum systems bilinearly
coupled to a bath of harmonic oscillators [14]. In Section 2 we
show that the expansion in the difference variables is equivalent
to an expansion in the mass ratio u = (m/M)"> where m and M
are the characteristic masses of the quantum subsystem and bath
particles, respectively. This result is obtained without the introduc-
tion of a specific representation for the quantum subsystem and
establishes the formal equivalence of different forms of mixed
quantum-classical linearization methods that depend on a specific
choice of basis. This equivalence implies that the accuracy of the
calculations performed with these methods is the same, although
the numerical efficiency of the various algorithms can vary consid-
erably due to the choice of subsystem basis.

The control parameter u also plays a key role in the derivation
of the quantum-classical Liouville equation but the procedure to
obtain this equation is very different from linearization methods.
A partial Wigner transform of the density of the full system of
the bath degrees of freedom is first taken. The exact evolution
equation for this quantity is then expressed in terms of the quan-
tum Liouville operator and the QCL evolution obtained, in scaled
variables, via a first order expansion of this operator in the mass ra-
tio [15]. In Section 3 we provide an alternative derivation of QCL
that shows that it can be obtained from a linearization approxima-
tion. This is the main result of this work: the derivation unifies QCL
equation and linearization methods showing that they can be ob-
tained using the same framework. The link among LM and QCL



400 S. Bonella et al./Chemical Physics Letters 484 (2010) 399-404

approaches was investigated earlier by Shi and Geva [16] who
examined the connection between the QCL equation and lineariza-
tion within the influence functional formalism [17]. For two
choices of basis for the quantum subsystem (adiabatic and dia-
batic), they demonstrated that the QCL equation could be obtained
by linearizing the forward-backward action in the influence func-
tional. Our derivation confirms these results, but it is more general
since it is obtained in a basis-free form. This is an interesting tech-
nical point because, in general, after linearization it is not possible
to prove equivalence in different representations simply via a stan-
dard transformation of the basis. The approximation affects both
the dynamics and the representation of the system [18] and the
properties of a fully quantum basis transformation may not be pre-
served. Due to this, for example, in [16] two distinct proofs were
required depending on the representation of the electronic subsys-
tem. In [19] an examination of the relative numerical performances
of the QCL equation and the iterative linearized density matrix
(ILDM) propagation [20] was made by directly comparing efficien-
cies and accuracies of the two algorithms based on these methods.
The results showed the essential equivalence of the numerical per-
formances of the QCL and ILDM algorithms. This equivalence too is
explained by the connection among the methods described in this
Letter.

2. Linearized approximations as mass ratio expansions

Con51der a system described by the Hamiltonian,
H= zM +h q.(D, T, ,R). In this expression, capital letters indicate the
operators of the bath, while lower case letters are used for the
quantum subsystem. The kinetic energy operator of the bath,
P?/2M, has been isolated, while flq([),?, R) contains the kinetic en-
ergy of the quantum subsystem and all interaction terms, includ-
ing, if present, external potentials. Below we choose a coordinate
representation for the bath while the quantum subsystem is de-
scribed by abstract operators. All dynamical properties of the sys-
tem can be calculated in terms of the density operator, p. In the
Heisenberg representation, the time evolution of this operator
from time O to time t is given by

p(t) = et p(0)ettt. (1)

A convenient expression for the matrix element of the density in
bath space can be obtained by inserting resolutions of the identity
in the bath coordinate states; thus,

(RIp(O)IR) = / dRy dRo(Rle " [Ro) (Ro| p(0) Ro) (Role#™[R),  (2)
which is still an operator in the quantum subsystem space. Repre-

senting the propagators as path integrals in the bath’s coordinates
and momenta [21], the matrix element above can be written as

NS dp dp,
<R\p(t>|R>z/dRo...dRN,lﬁ. it} /dRO .dRy+
X%% e S PRR ) o) bR
~ N ;/]2 N T~ = e Py
% (Rg\ﬁ(O)\Rg) x e%zkzlﬁe*%, o1 PR(Ri=Ri1) ofthe(Ry) .elﬁthmw)’

(&)

The above expression (which employs a Trotter factorization of the
Hamiltonian) becomes exact for T — 0 (with t =t/N). This is the
limit we shall consider here, though the symbol will be omitted
from the equations. In the expression, we introduced the short hand
notation flq(Rk) = flq(ﬁ, #,Re) and Ry = R, Ry = R. Note that the order
of the exponentials of the quantum subsystem Hamiltonian must be
preserved as these operators do not commute when evaluated at
different bath positions. We now introduce mean, Ry =

(Re + Ry)/2, and difference, AR, = Ry — Ry variables (with similar
expressions for the bath momenta). In these variables, the matrix
element of the density operator is given by

<RN+&‘ ()|RN_&> /dROdARO/Hde dPy_dPy

21h 27h
N-1
- LN Py ~Pr)AR
/HdAR,<dAPk dA;;:l 'PNARNe PlAROehkl ki1 —Pi) AR
[ ]
i T~ (R —Ri_1) | AP,
we o IR i () oo (R 2)

< (Rt AR @R, - S ekt (62) ek )

The integrals over the variables AP, are representations of § func-
tions so they can be performed analytically and introduce a factor

T o[ th -
by definition [22], the partial Wigner transform with respect to
the bath variables of the density at t =0,

(R, — RH)] in the integrand. The integral over ARy is,

pw (Ro, P Py (g, 4 AR AR
pu(Ro.Pr) = [ dskoe #% (Ro + S0 p0R - 550). (5)

Using these observations, Eq. (4) can be written as

— ARy ARy N dP, dPy
(R p0R - 55) = [ Ry [ TTaRegh I

XH5|:T—— Rk Ri_1 }/HdARken”NARN

rhq(RN+—) e h‘thq(R1+ > pW(RO Pl)

.e%”‘ﬂ =) (6)

X eh

i 5 AR
« exthaRi+=h)

This result is exact. Note that if the path for the mean momenta is
known, the presence of the delta function reduces the generation of
the path for the mean coordinates to a sequence of classical-like
steps. Unfortunately, the mean momentum path can only be calcu-
lated once the integral over the AR, has been performed and, in gen-
eral, this is impossible due to the implicit dependence of the
quantum subsystem Hamiltonian on these variables. In lineariza-
tion methods this difficulty is addressed in two steps. First, a basis
is introduced for the quantum subsystem to resolve the operators
still present in the path integral and turn flq into a function, hg, of
the forward and backward path of the quantum subsystem and
the mean and difference bath coordinates. Second, hq is expanded
to first order in the bath difference variables, at each point along
the quantum forward and backward paths. This is the core of the
linearized approximation. When the expansion is substituted in
the path integral expression of the density matrix, the terms in
the integrand that depend on AR, can be combined to obtain a
new set of delta functions that reduce also the succession of P to
a classical-like evolution. The precise sequence of manipulations
that produce the time-stepping prescription for generating the
momentum path is different in the various LM and can produce
algorithms with very different characteristics; however, the struc-
ture of the result and the two steps to linearization are common
to all such methods. As an example, in the Appendix we summarize
how these steps are realized in the linearized non-adiabatic dynam-
ics method known as LAND-Map.

The truncation of the Taylor series expansion of h, to linear or-
der in the difference variable is usually justified in LM methods
(see, for example, Refs. [10,11]) on the basis of arguments that in-
volve the interference among the forward and backward paths in
the Feynman representation of the time-evolved density. The idea
is that, if the two paths are very different (i.e. for large values of the
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difference variables), the phase factors in the path integral oscillate
wildly and interfere destructively. The most relevant contributions
to the evolution of the density must then come from neighboring
paths for which AR remains small and the approximation is accu-
rate. More quantitative statements have been made only for very
specific systems (in particular for a bath of harmonic oscillators
bilinearly coupled to the quantum subsystem [14]). In contrast to
these qualitative arguments, we now show that the expansion in
AR is equivalent to an expansion of the quantum subsystem Ham-
iltonian to first order in the parameter y = (m/M)"/? and can there-
fore be justified on the basis of the relative magnitudes of the
characteristic masses M and m. To this end, we consider again
Eq. (6) and, in analogy with [15], introduce the energy €, time
to = h/¢€o, and length 4, = (h?/mey)"/? scales. We may then define
the following set of dimensionless variables and operators:
¥ =7/ my R =R/Jm, D' =P/P,, and P’ = P/Py, together with the
scaled time t' = t/to and the scaled quantum subsystem Hamilto-
nian (¥,p',R) = he(F.p,R)/€0. Here p, = (Mim/to) = (€)'
and Py = (Meo)”2 Thls scaling makes the momenta of all degrees
of freedom in the system have the same order of magnitude. In the
new variables, the time-evolved matrix element of the density
operator (see Eq. (6)) is given by

<R;V ARy (IR, 7£> / dR, / HdededP
. S hP; h(R; - ;< 1) A Lp! AR
/ k k — AR’ e NARN
x gb[r VeEM VEom } / gd ke
. e—ir’ﬁ;] (R; +T‘>

i, (R;V 7@)
e . (7)

The mass ratio appears only in the phase factors in the second line
of this equation. In the limit x — O (i.e., when we expect the quan-
tum-classical evolution equations to become accurate) this phase
factor will oscillate very rapidly and complicate the evaluation of
the integral. The effect of these oscillations can however be ana-
lyzed by performing (for k =1,...,N — 1) the change of variables
Ay = AR,/ 1t to obtain

N-1

" AR/,
f§ 1 ~POARE iy (RSN
k=1 e q N2

i <R/ ARQ)
~ / / q 1772
x pw(Ro, Py)e

/ A 1 ! /
(Re+ 50/ @IR, -

N-1
u%> = N / dR;, / 11 dr.dP,dPy
k=1

Ha[m MR q/HldAezPNAN

% e—ir’fﬂ, (R;VﬂJT"’) o e—it’fl[] (RHHT])

X Pl (Ry, Py (Ri-1%) ity (R-si¥). (8)

The p — 0 limit can now be used to justify truncation to first order
in this parameter of the Taylor series expansion of the quantum
subsystem Hamiltonian in the last line of the equation above

N-1
u%> = / dR;, / 1 driapidp;,
k=1

-1
- iP;\,AN
Ve } / [ dAe

-1
DDA AL bR
<e k; ! 17 [ R+ Vg RS

/ A e /
(Re+ 50/ @IR -

ﬁé{'\@w‘

e [ R+ (R ]

% Py Ry, Py a®-vhmnid] | g lmo-vimou] ()

Returning to unscaled variables, this result can be written as

AR, AR dP, dP
<RN+—”\ <>|RN——”> /dRo/HdeM; il

x Hfs{rP—(Rk Ri_1) } /HdAR,e wPNARY
k
N-1
%Z (Pip1—Pi)ARy
k=1

o e ktlha(®)+Vhg®) Y ot [ha (R)+ Vo R

X Pw(Ro P])E’!T [hq (Ry)~Vhy(Ry )@} et [hq(EN)*th(EN)@} ) (10)

Direct comparison of the equation above with (6) shows that
the expansion of the quantum subsystem Hamiltonian in the (un-
scaled) difference variables is formally equivalent to an expansion
in the parameter p of the density matrix element in scaled vari-
ables. Since it holds for an abstract representation of the quantum
subsystem, this result is independent of the specific choice of basis
and, therefore, it can be used to justify any LM.

Finally, if we perform the change of variables Y},
can also be written as

hYy hYyN\ dPy dPy
<RN+ 5 ()|RN——> _/dRo/ Hde 57 Ih
_ » N-1 _
X Hé{r Rkl)} / T[] dvie™
vk=1
i Z(T’m -PyYy

X e k=i

= ARy/h, Eq. (6)

x e~ rhq(RNJrf) B e**ihf‘i’q(m +hzi)

x pw (Ro, Py )eitha® =50 girha (Re-3). (11)
In these variables then, linearization is equivalent to a first order
Taylor series expansion of ﬁq in h. The mass scaling argument pro-
vides a more precise physical argument for the nature of the
approximation, but the h expansion can be used to support linear-
ization also for propagation of the bath variables in the absence of
a quantum subsystem and/or to show how the full classical limit
emerges from the linearization.

3. Quantum-classical Liouville equation from linearization

The scaling of variables and operators introduced in the previ-
ous section was used first in the derivation of the quantum-classi-
cal Liouville equation. The standard derivation of the QCL equation
[15] follows from a partial Wigner representation of the density in
the bath degrees of freedom and a first order expansion in the
parameter u of the quantum Liouville operator for the full system,
when expressed in scaled variables/operators. In the following we
show that the QCL equation can also be considered to be a linear-
ized approximation to full quantum mechanics. To this end, we be-
gin by casting the quantum time evolution equation for the density
(the result can immediately be extended to generic operators) into
an integro-differential form which is a convenient starting point
for approximations. We then show that the QCL equation can be
obtained from a linearization approximation to this equation.

Let us consider the time evolution of the density operator from
time t to time t + 7(7 is now an arbitrary infinitesimal time interval)
Pt +1) = e p(t)er™. (12)
In the limit T — O we can apply a Trotter factorlzatlon of the prop-
agators in the equation above, e#17 ~ eihne=ih®IR) insert resolu-
tions of the identity in the bath coordinates (to evaluate the



402 S. Bonella et al./Chemical Physics Letters 484 (2010) 399-404

contribution of the quantum subsystem Hamiltonian operator) and
momentum states (to evaluate the contribution of the kinetic en-
ergy operator), and rewrite the density matrix element as

<R|p(t+‘[)‘k> :/dROdPOdROdPOQhPOR Ro)p— ;.sze 4the (b7 Ro)
- S
% (Ro|p(t)|Ro)e #FoR-Ro)gitaiseitha b7 Ro) (13)

We now perform the change of variables Ry = RO*RU ., ARy = Ro — Ro,
along with similar variable changes for R, R, ,Pg, Po In the new vari-
ables, the density matrix element is

<R+%|p(t+ T)‘R—%> = /dRodPQdARgdApoe’lpu (AR-ARo)

o AP R-Ro) o e—ihrFW“APo o—the (prRo+200)
< o + 50 |p(0)Ry — R0yt (7o),
(14)
This expression can be used to obtain the evolution equation for the
density matrix elements. We expand the exponentials that depend

on 7 to first order in this parameter, e.g. e~ AR 1 118 APy Asa
result of these expansions, the integral can be expressed (to first or-
der in 1) as the sum of four contributions: (R + 28 |p(t + 7)|R — 48) =
A+ B+ Co + Cq, where

A— / dRo dPy dARy dAPye o (AR-0k0) pfaPo R-Fo)

= AR AR
< (Ro+ 532 p(OR - 52, (15)

B= 771’ / dRodpodARodAP()e fPo(AR- ARo) o7 APo(R- RU)IIJVIO
S AR
x APo<Ro A5 (0R ~ 552,

Co = *%'L’ / dﬁo dﬁo dAR() dAP()ehPO (AR— ARO)eﬁAPO(R Ro)

. ARy\ /5 AR AR
(5.7 Ro+ 55 ) (Ro + 252 01R0 ~ 552,

Ci = %T / dﬁ() dl_)() dARo dAPoeLf.'IEO(ARiARO)ehAP‘](R Ro)

— ARy . .= AR\: (. .- AR
x <R0 +To|p(t)|R0 —T°>hq <p,r,R0 _TO>

All integrals in A can be performed analytically: the integrals over P,
and AP are representations of § functions in the arguments
(AR — ARy) and (R — Ry), respectively; these delta functions, in turn,
allow one to perform the integrals over R, and AR, to obtain

A= (R+ FlpoR-5). (16)

The same manipulations on Cy and C; make it possible to write
these terms as

Co=h <p,r R+A2R><R+%I ()|R—§> (17)
and
G = <E+A7R|p(t)\ﬁ A2R>h ( T, —%R) (18)

In term B in Eq. (15), note that the factor AP, appearing in the inte-
gral is proportional to the derivative of the integral with respect to
R; thus, taking into account the factor of proportionality, we have

B= -1V / dRo dPy dARy dAP,efPo(AR-4Ro) 7P R-Ro)

P, AR AR
<o (o 22 (00 - 252,

- (19)

The integrals over AP, and Ry can again be performed, while the
integral over ARq is the partial Wigner transform of the density
operator in the bath variables so that

= —‘c/dP e PUAR—V =0ow(R, Po). (20)
The partial Wigner transform of the density appears naturally as a
consequence of the choice of the mean and difference variables.

The intermediate results obtained in Egs. (16), (20), (17) and
(18) can now be assembled to obtain the following expression

for the finite difference approximation to the time derivative of
the matrix element of the density:

1{<R+§|ﬁ<t+r>|ﬁ—§>—<R+§|p(r)\ﬁ—§>}
T 2 2
[
AR . .= AR i/ AR ., .- AR
x<R+7\p<t>|Rf7 - (R S p0R-5)
xﬁq<p,f,ﬁ—7). (21)

Taking the limit T — 0, multiplying both sides of the equation above

by e#2R and integrating the result over AR gives
opw@®RP) P . - jpsrg AR
Tffﬁvaw(RP /dARe h (p,r R+ 2)
<R + AR - _> - / dARe 1P
AR . .= AR
< +—\p(t)|R——>h <p rR—7>. (22)

This integro-differential equation describes the full quantum evolu-
tion of the density matrix element. The main difficulty in solving Eq.
(22) stems from the dependence of flq (p,7,R£2F) on the difference
variable AR. The same scaling argument used to justify LM can be
applied here to obtain a convenient approximation for the equation
above. For example, linearizing the Hamiltonian flq in the first inte-
gral one obtains,

' ki o nm ARG £ AR AR
% / dARe’H"AR{h (B,7,R) + =~ Vihy(p, T R)] <R+—| ()IR—7>

(23)

Substituting this expansion, and its analog for the last term in the
right hand side of Eq. (22), results in four contributions to the evo-
lution equation. The two zero order terms in AR can be trivially ex-
pressed as —i [h (p,7,R), pw(R,P)], where [,.] is the quantum
commutator. The contribution of the first order terms can be com-
puted, for example, as follows:

l/dARe PARG_h (b F, )A2R<R+—| ()\R—§>
dooin i/ AR AR
5 Rh(erV/dARe <R+2|p()\R 2>
1 ~ = = =
=5 Ve, 7, R)Vppw(R, P). (24)

A similar treatment for the other first order term gives
1/2V5pw(R, P)V h (b, 7. R). Inserting the results above into Eq.
(22), defining Hy (R, P) = P2/2M + h q(f,b,R) and noticing that
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R B
Vabw (R P) =5 V5Hu(R,P)Vzpw(R.P)

<[l

1 -
+ Vabw(R P)V5Hw(R.P), (25)

the terms in the equation can be appropriately rearranged to give

(26)

where {., .} is the classical Poisson bracket. This is the basis-inde-
pendent mixed quantum-classical Liouville evolution equation for
the partial Wigner transform of the density matrix as presented in
[15].

4. Conclusions

In this Letter, a general connection between linearization and
mass expansions was derived. This connection makes it possible
to unify and establish the equivalence of mixed quantum-classical
approaches based on these apparently different approximation
schemes. In particular, we have shown that quantum-classical lin-
earization methods can be derived from first order expansions of
the quantum subsystem Hamiltonian in the mass ratio pu (or in
h) and that the quantum-classical Liouville equation can also be
derived from a linearization of the propagator. The derivation of
a linearized method is illustrated in the Appendix by considering
the case of the LAND-Map algorithm. However, since our result
does not rely on the specific choice of the quantum subsystem ba-
sis, similar proofs can be constructed for any linearized scheme as
long as a coordinate-momentum representation of the bath is used.
This includes, in particular, the linearization of the influence func-
tional presented in [16]. In that work, in fact, a partial Wigner
transform with respect to the bath degrees of freedom was em-
ployed to effectively introduce a momentum-coordinate represen-
tation of the initial density of the bath so the procedure is of the
type indicated above. In more general terms, the analysis pre-
sented in this work implies that linearization schemes that differ
only in the representation of the quantum subsystem are equiva-
lent among themselves and to QCL. The result presented here also
implies that, although the efficiency can vary, the accuracy of any
algorithm based on linearization or quantum-classical Liouville
methods is the same.
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Appendix A

To provide an example of the approximation described after Eq.
(6), in this appendix we show how the linearization of the fully
quantum evolution is performed in the specific case of LAND-
Map, a recently developed linearized mixed quantum-classical
method for simulating non-adiabatic dynamics. Here, we summa-
rize only the parts of the derivation that are relevant to highlight
the two steps for linearization described in the main text. A de-
tailed description of the approach can be found in [12,13]. In
LAND-Map, the classical bath is usually a set of nuclear coordi-
nates, while the quantum subsystem is a set of discrete electronic

states. These states are described at first in the diabatic basis, and
then (without introducing approximations) in terms of a system of
auxiliary harmonic oscillator states via the mapping Hamiltonian
approach [23-26]. With this approach, the matrix element of the
density operator for the full system at time t is written as

AR, AR dP, dP
<RN+—” Bp(ORy 23, [3> / dRo / Hdezn% o

N-1 _ _
> (Prr1-Pr)AR;

5 Py LPNAR g
x}‘[ {rm— (Rx — Ri1 /HdARe =
<ﬁ
><<<x’

where we indicate the mapping states with Greek letters. ﬁmq(R) is
the mapping Hamiltonian

mq zzhaa

e_h‘[hmq (RN+—) e h‘L’hmq (R1+ 2 )

><0<|f’W(E071_’1))05/>

e%rﬁmq (§1 ’%) . e’%f'i‘mq (EN*#)

B’>. @7)

qy +p9¢_ qocq/1+p1p/f)

2 Zhylf

op

(28)

where h,4(R) are the matrix elements of the quantum subsystem
Hamiltonian in the diabatic basis computed at bath position R,
and g, (p,) are the position (momentum) operators of the mapping
oscillators. Thanks to the fact that the mapping Hamiltonian is qua-
dratic in the position and momentum mapping operators, the for-
ward and backward transition amplitudes between quantum
states o and $ and o and p' in Eq. (27) can be evaluated exactly
via a path integral expression in the coherent state basis [27]. The
steps involved in this evaluation are non-trivial (see Ref. [12]) but
they provide the following explicit expression for the density ma-
trix element

ARy ..~ ARy . N1 _ dP, dPy
<RN +T,ﬁlp(t)\RN*T7ﬂ> 2 /dRO/Hd “2mh 27h
N-1

: i
H 0 |:T_ — (Re — Req } / H dAR, et iPuARy o £t
e S 5

x (o] pw(Ro, Py)|o')
(e g)

In the above equation, the integrals over the initial coordinates and
momenta of the mapping states (e.g. q, = {qo,} and p, = {py;}
where / goes from 1 to the number of electronic states) result from
the coherent state path integral for the transition amplitudes. The
functions required to compute the transition amplitudes (we focus
on the forward transition amplitude as definitions for the backward
transition amplitude are analogous) are:

P/<+1 ’Pk ARy

. , — AR
x| dajdpie 10 Gy b (1230

1. the coherent state representation of the initial mapping state o,
defined as the product ei®=Gyry, in the integrand, with

125" (2,452,
Go=e Zﬁ(quﬁpo,ﬁ

1/2
Toou = (qéx +p53() / )

-1 pO,oﬁ .
0,0 ’

O, = tan
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2. the population of the final mapping state B, defined as

(- B)-felfr ) )

if {q;, p;} are the coordinate and momenta of the mapping states
obtained by solving the classical evolution determined by the
classical analog of the mapping Hamiltonian, Eq. (28);

3. the phase factor e ne”‘({Rk*_}) where

— AR ARy
@r./f({Rk-l- 2"}>:tan (ZEZ>+TZ’1M<R/< 3 >

AR (PusPis + Qs
+TZZ[’1/;,<R;<+ ")W}

1 i#p (pk/j + qk/j)

=tan’! <Z°"> + rz 0 (Rk + Ag"> . (31

0,5 k=1

the last line in the equation above defines the function 6.

All quantities in Eq. (29) are functions, no longer operators, that
depend on the forward and backward paths for the full system.
This is the first step in the linearization method as described in
the text. The phase factor in Eq. (31) contains, via the functions
hy (R +2&), the implicit dependence of the matrix elements of
the quantum subsystem Hamiltonian on the difference variables
ARy. The second step in the linearization approximation corre-
sponds to the expansion of the ® functions to linear order in the
difference variables. Grouping terms of the same order in ARy in
the overall phase results in the following (linearized) expression
for the matrix element of the density

AR P dP, dP
<RN+ =, B() Ry — 2N > /dRO/HdR"Zn;i 2711;1

N — —
x Ha{r— (R — Rkl)} / dqodp, / dqodpy / HdARke%”NARN
1 k=1
ﬁN 1 {PkH*Pk
x ek

VO (R)+V0, R —
BTk BNk
f] AR

N
0190:Gor0 0 i Z 05(Ro)—0 Rerey ({Rer 5 })
X et

x {ar|pw(Ro, Py)[atye 190 oty ({R2t}). (32)

Assuming that the functions r¢; and r}, vary slowly with the differ-

tp
ence variables compared to the phase factor et -0y R and
can therefore be evaluated as functions of the path of mean vari-
ables only, the integrals over the difference variables AR, can now
be performed. These integrals are in fact representations of delta
functions and the equation above can also be written as

= ARN o = ARN " de dPN
<RN+T’ﬁ|p(t)‘RN’T’ﬂ> /dRO/Hd K2mh 27
K T)k D D / / iP AR
< I]9 Ty~ Re—Rier) /dqodpo/dqodpoeh ARy
i

B >0ty
x [] 8[Pesr — Pi — TF(Re, B. B Gorose” =

=1

x Ty ({Rih) ot pw(Ro, Po) o) e 19 Gy, s ({Re}). 33)

The argument of the delta functions in the expression above deter-
mines a propagation scheme for the path of mean variables: the
mean coordinates are advanced from step k — 1 to step k based on
the usual ‘Newtonian’ prescription Ry 1 = Ry + 7%, while the mean
momenta are advanced from step k to step k+1 as Py =
Py + TF(Ry, B, ). Note that, although this expression may also
appear of classical form, the ‘force’ F(Ry, 8, §), is, in general, non-
Hamiltonian and given by

S y 1 - _
F(Re, B, B') = =5 {Vg s (Re) + Vg hyp y (Ri)}

(Ppbix + Gpedix)
Vz hgi( —_—
2 2; s { (Pl + @)
/ / _|_ /, /
Z kah/f A Rk){(pﬁ kp/;k q/j kq/k)}' (34)
/#/3 (p/f it qli’ )

This expression for the force accounts for the effect of non-adiabatic
transitions among the electronic states on the nuclear dynamics
and it is typical of the LAND-Map method. In spite of this unusual
force term, however, the linearization approximation reduces, via
the presence of the delta functions, all propagations necessary to
compute the matrix element of the density operator to a time-step-
ping prescription whose numerical complexity is similar to that of
classical mechanics as stated in 2.
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