ournal of Statistical Mechanics: Theory and Experiment

An IOP and SISSA journal

PAPER: Classical statistical mechanics, equilibrium and non-equilibrium

Finite-time fluctuation theorem for
diffusion-influenced surface reactions

Pierre Gaspard! and Raymond Kapral®

I Center for Nonlinear Phenomena and Complex Systems, Université Libre
de Bruxelles (U.L.B.), Code Postal 231, Campus Plaine, B-1050 Brussels,
Belgium

2 Department of Chemistry, Chemical Physics Theory Group, University of
Toronto, Toronto, Ontario M5S 3H6, Canada

E-mail: gaspard@ulb.ac.be and rkapral@chem.utoronto.ca

Received 10 June 2018
Accepted for publication 31 July 2018 @
Published 22 August 2018

CrossMark

Online at stacks.iop.org/JSTAT /2018/083206
https://doi.org/10.1088/1742-5468 /aad7c2

Abstract. A finite-time fluctuation theorem is proved for the diffusion-
influenced surface reaction A = B in a domain with any geometry where the
species A and B undergo diffusive transport between the reservoir and the
catalytic surface. A corresponding finite-time thermodynamic force or affinity is
associated with the symmetry of the fluctuation theorem. The time dependence
of the affinity and the reaction rates characterizing the stochastic process can
be expressed analytically in terms of the solution of deterministic diffusion
equations with specific boundary conditions.

Keywords: chemical kinetics, fluctuation phenomena, large deviations in
non-equilibrium systems, stochastic processes

© 2018 IOP Publishing Ltd and SISSA Medialab srl 1742-5468/18/083206+-25$33.00


mailto:gaspard@ulb.ac.be
mailto:rkapral@chem.utoronto.ca
stacks.iop.org/JSTAT/2018/083206
https://doi.org/10.1088/1742-5468/aad7c2
http://crossmark.crossref.org/dialog/?doi=10.1088/1742-5468/aad7c2&domain=pdf&date_stamp=2018-08-22
publisher-id
doi

Finite-time fluctuation theorem for diffusion-influenced surface reactions

Contents

1. Introduction 2
2. The main results 4
2.1. Stochastic partial differential equations for the diffusion-influenced
SUITACE TERACTION. .. eiiiiiiiiiiiiiiiiie ettt 4
2.2. The finite-time fluctuation theorem...........cccoeeiiiiiiiii i, 4
2.3. Formulation in terms of the cumulant generating function........c..cc.ccccceeeii. 6
2.4. Thermodynamic entropy production .............ococeiiiiiiiiiiiiiiiiiinieieiii e, 7
3. Proof of the finite-time fluctuation theorem 8
3.1, Space diSCTetiZatiOn .......cccieiiiiiiiiiiiiiiie e 9
3.1.1. Master equation. «.....ccouuiiiiiiiiiiii e 9
3.1.2. Kinetic equations for the mean numbers. ............ccccceeiiiiiiiiiinnenniinnn. 10
3.1.3. Equation for the moment generating function. ..........cccccceeeeiinniii 11
3.1.4. Solving the equation for the moment generating function. ................. 12
3.1.5. Obtaining the cumulant generating function. ...............cccccceeiiiiiininni. 13
3.1.6. The dependence of the cumulant generating function on the counting
PATAIMIEEET . «euuiitiiiiiii ittt e 14
3.1.7. Deducing the probability distribution and its finite-time
SYIIIITIEETY . +evueiineiieiie ittt ettt ettt et et e e e et e en ceneeaae e eanes 15
3.2. The continuum Hmibt........cooouuiiiiiiiiiii e 16
3.2.1. The mean concentrations. ..........ooveiiuiieiiiiniiiiiie e 16
3.2.2. The matrix Ly in the continuum lmit. ........coooiiiiiiiiiinie, 17
3.2.3. The asymptotic cumulant generating function. .........ccccceeeeeiirnneiiiinnn. 18
3.2.4. The time-dependent contribution to the cumulant generating

FUNCEION. weveie i, 20
3.2.5. The cumulant generating function at early time. ...........ccccccooeeiiiiiini. 23
4. Conclusion and perspectives 24
AcCKknowledgments .c.oeiveiiiieiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiitiititiettitattttastttattssastasaces 24
References 24

1. Introduction

When driven out of equilibrium by thermodynamic forces or affinities, systems com-
posed of atoms and molecules manifest macroscopic fluxes dissipating energy and pro-
ducing thermodynamic entropy [1-5]. In particular, for diffusion-influenced surface
reactions, reactant and product molecules diffuse between the reservoir where they
enter or exit the system and the catalytic surface where they undergo interconversion
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[6]. On macroscopic scales, the standard description of such processes makes use of
deterministic diffusion equations with suitable boundary conditions on the concentra-
tion fields of the reacting species. However, on mesoscopic scales, molecular motion is
erratic and reactive events occur at random on the catalytic surface, which requires a
description in terms of stochastic processes. Many approaches have been proposed to
describe natural random phenomena, especially for molecular and colloidal systems [7—
20]. In this context, time-reversal symmetry relations, known as fluctuation theorems
[21-26], are satisfied by the fluctuations of the currents flowing across nonequilibrium
systems. These theorems are formulated within the framework of large-deviation theory
[27] since they concern the full counting statistics of the currents, including rare events
that are exponentially suppressed in time. For systems in stationary states, fluctuation
theorems are time-reversal symmetry relations holding in the long-time limit. This
has been established, in particular, for systems sustaining reactions or transport by
diffusion [28-36].

However, it has been shown in [37] that such time-reversal symmetry relations may
also hold over finite time intervals for certain reactions taking place in systems with-
out spatial extension. In these systems, a thermodynamic force or affinity can thus be
defined at every time as a consequence of the finite-time symmetry.

Here, our purpose is to show that such a finite-time fluctuation theorem also
holds in spatially extended systems where a surface reaction is influenced by the
diffusion of reactants and products from and to the reservoir. The problem is form-
ulated within the theory of stochastic partial differential equations in terms of
stochastic diffusion equations coupled by stochastic boundary conditions for the
reaction A = B at the catalytic surface. In this framework, a finite-time fluctuation
theorem is established for the probability distribution that a certain number of reac-
tive events have occurred during some finite time interval. The theorem is proved
by spatial discretization into small cells, leading to a Markov jump process ruling
the time evolution of the numbers of molecules inside the cells. Using the linear-
ity between the reaction rate and the molecular concentrations, the master equa-
tion of this Markov jump process can be exactly solved using the generating function
method [18], which provides the analytical expression for the cumulant generating
function at every time. Returning to the continuum description, the cumulant gener-
ating function is obtained in terms of finite-time rates given by solving deterministic
diffusion equations with specific boundary conditions. The large-deviation properties
of the spatially extended stochastic process can thus be found by solving determin-
istic partial differential equations.

The paper is organized as follows. The main result is presented in section 2 where
the finite-time fluctuation theorem is stated for the probability distribution of the
number of reactive events and the associated cumulant generating function. In this
section, the finite-time rates and the corresponding affinity are expressed in terms of
the solution of deterministic diffusion equations with the specific boundary conditions,
and connection is made to the thermodynamic entropy production. The proof of the
finite-time fluctuation theorem is carried out in section 3. Section 4 gives concluding
remarks and perspectives.
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2. The main results

2.1. Stochastic partial differential equations for the diffusion-influenced surface reaction

Let us consider a diffusive medium of dimension d and volume V', extending between
three surfaces OV = Scat U Sinert U Sres- Seat 18 a catalytic surface where the reaction
A = B takes place. Siert 1S an inert surface where the species A and B are reflected. S;eq
is a surface in contact with a reservoir for the species A and B. These species undergo
diffusion in the volume V' so that their concentrations, cy and cg, obey the stochastic
diffusion equations,

Oiea +V - ja=0, ja=—DaVca + 14, (1)
Oeg+V-jp=0, j8 = —DgVcep + 13, 2)
expressed in terms of Gaussian noise fields such that
<T]k(I', t)) =0 s <’l’]k(1‘, t) ® nk/(r’, t/)> =2 Dk Ck(I', t) 6kk’ 5(1" — I'/) 5(t - t,) 1 (3)

for k, k' = A, B, where Dj, are positive diffusion coefficients and 1 is the d x d identity
matrix. The boundary conditions are given by

if r € Seat : DaOica(r,t) = —Dp 0 cg(r,t) = kyca(r,t) — k_cg(r,t) + &(r,t), (4)
if r € Sipert : Oicea(r,t)=0, 0Oycg(r,t) =0, (5)
if r € S : ca(r,t) =ca, cg(r,t) = cg, (6)

where 9, =1, -V is the gradient in the direction of the unit vector 1, normal to the
surface and oriented towards the interior of the volume V', and k. are the positive rate
constants of the surface reactions. These rate constants have the SI units of meter per
second. ¢x and c¢g denote the given concentrations at the reservoir. The Gaussian noise
field due to the surface reaction is characterized by

{€(r, 1)) =0, 0°(r) (& (r, 1) (', 1)) 0°(x) = (Ksca + hicp) 0°(r) 6(r — ') 6(t — 1) , -

in terms of surface delta distributions 6°%(r), nonvanishing if r € S, [38].

2.2. The finite-time fluctuation theorem

Let the random variable n denotes the number of reactive events A — B that have
occurred during the time interval [0,¢], if the system is in a steady state with given
concentrations ¢, and ¢g at the reservoir. The probability P(n,t) that n reactive events
have occurred is equal to

B (+)\ /2
(+) ()
Pln, 1) = o (W7 4W >(Wf ) I, (2t\/W§+)W§‘)), ®)

W

where Wt(i) are two finite-time rates explicitly given below and I,(u) is the modified
regular Bessel function defined in section 9.6 of [39]. Since I,,(u) = I_,(u), this prob-
ability distribution obeys the finite-time fluctuation theorem
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P(n,t)
m = exp(A; n) 9)
holding at every time with the finite-time affinity defined as
W
Ar=In——. (10)
W,
The finite-time rates have the explicit forms
1
Wi = Shpen+ L U(1), (11)
)y, oo b
W, =Yk_cg+ ; U(t), (12)
with
C CA
\I/(t) = 62/§+/€, |:D—P;TA(t) + ﬁTB(t) . (13)
A B

The first terms on the right sides of equations (11) and (12) are proportional to the
effective catalytic surface area

Ez/ dsS(1-¢), (14)
cat
¢ being the solution of the following stationary problem,
Vi =0, (15)
(010)c = (¢ = Dcar » (16)
(alQS)inert = O’ (17)
(@)res = 0, (18)
where
-1
R4 K_
(= —+ —
( D + DB) (19)

is the characteristic length of the diffusion-influenced surface reaction. In equation (13),
U(t) is given in terms of the time-dependent functions

To(t) = / V() [6(r) — fi(r,1)] 20)

where f; is the solution of the following time-dependent problem,

Oifr = DpV7 fi, (21)
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(OLfk)ear = (g—; fa+ Z—B fB) X (22)

(alfk)inert = O ) (23)

(fk)res = 0 ? (24)

(fe)imo = &, (25)
for k= A,B.

If the catalytic and inert surfaces Sipers U Scat, @s well as the domain V', are compact
the constant ¥ and the functions Y (t) are bounded, so that the rates (11) and (12)
converge in the long-time limit ¢ — oo to their asymptotic values

WP =Yk, éa, (26)
W) =Yk ep, (27)
whereupon the affinity (10) converges to the finite value
Wi c
As = In 2 = Jn E4 (28)
w) K_Cp

We expect the same behavior to hold if the catalytic and inert surfaces Siiert U Seat
are compact and delimit a finite volume, while the domain V is non-compact, but
three-dimensional.

2.3. Formulation in terms of the cumulant generating function

Introducing the cumulant generating function

1.
Q:(\) = _Zln Z e M P(n,t) (29)

with the counting parameter A\, we have the result that
Q) =W (1=e) + W (1Y), (30)

where the finite-time rates Wt(i) were defined in equations (11) and (12). As a conse-
quence of the finite-time fluctuation theorem (9), the following symmetry relation is
satisfied at every time,

Qt()‘) = Qt(At - )‘)7 3D

in terms of the finite-time affinity (10). The mean current and the diffusivity at time ¢
are thus given by

_ 0@y

= SO =W —wi, (32)

N/
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LPQu oy _ 1 () o)
D= -2 20) = ( ) .
We notice that the mean current (32) does not depend on time because of the forms of
the expressions (11) and (12) for the rates, implying

J=J = W(Sr) — WO(O_) =Y (K CA — K_CB). (34)
Moreover, the stationary solutions for the species concentrations are given by

V4
(Co)st = T + VFZ (kiea—hics)¢  (k=A,B), (35)

where ¢ is the solution of the problem (15)-(18), while v, = —1 and vg = +1 are the
stoichiometric coefficients of the reaction A — B. The equilibrium thermodynamic state
occurs when the chemical equilibrium condition k. ¢y = k_cg is satisfied, in which case
the state is uniform. The stationary solution (35) determines the cumulant generating
function at early time according to

Q:(\) = /t dS [k (ea)s (1 — e_A) + K (cp)st (1 — e’\)] + O(t), (36)

up to corrections that are linear in time.
The finite-time fluctuation theorem (9) and the associated results, which are stated
above, are proved in section 3 by extending the result obtained in [37].

2.4. Thermodynamic entropy production

Here, we show the equivalence between the expressions for the entropy production
given by macroscopic nonequilibrium thermodynamics and the fluctuation theorem
under stationary conditions. On the one hand, according to nonequilibrium thermo-
dynamics [2-3], the entropy production is equal to the sum of the contributions from
diffusion in the domain V' and reaction at the catalytic surface Sgat,

. 2 2
1 5 = / dv [DA(V—Q> +DB@] +/ dS (kya — k_b) In —+2 >0
%4 a cat

kp dt Kb
. : (37)
with the notations a = {ca)s and b = (cg)s. Now, we have that
2
/ dV@ = / dVVa- -V (Inkya) :/ dS-(Va) Ink,a, (38)
v a v v

by using the divergence theorem and the fact that VZa = 0 in a steady state. A simi-
lar expression is obtained for the other concentration field b. The boundary 0V of the
domain V' is composed of the catalytic, inert, and reservoir surface components, where
dS = —1,dS if 1, is the unit vector normal to the surface and oriented towards the
interior of the domain. Using the boundary conditions (4)—(6), we find that the contrib-
utions of the catalytic and inert components of the surface cancel and there remain the
contributions of the surface component in contact with the reservoir,

1 .
1S / A0S (—Dx91a) Inrya+ / dS (~Dpd.b) luk_b. (39)
kiB dt res res

https://doi.org/10.1088/1742-5468 /aad7c2 7
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Replacing the concentration fields at the reservoir by their expression (35) in terms of
the field ¢ obeying equations (15)—(18), and using the fact that

1
0:/dVV2¢: dS-qu:—Z—/ 59,6, (40)
14 v ¢ res
where ¥ is defined in equation (14), we find that the entropy production is given by
1 d;S _ _ K4CA
R Y (kyca — k-_Cg)ln P JAx 20, (41)

which is determined by the reservoir values of the concentrations. Therefore, the entropy
production is equal to the mean current (34) multiplied by the asymptotic value (28)
of the affinity, as expected.
On the other hand, the thermodynamic entropy production can be expressed as
1 dS 1 & P(n,t)

5 i = N P, t) 1
kg At oo (1) In 5

:tILTOjAtszmEO (42)

n=—oo

in terms of the probability distribution (8). Since this latter obeys the fluctuation theo-
rem (9), we recover the macroscopic value (41) of the entropy production because the
mean current in the steady state is given by J = (n(t))s/t according to equation (34).
The fluctuation theorem is thus consistent with macroscopic nonequilibrium thermo-
dynamics for the diffusion-influenced surface reaction. In addition, the non-negative
quantity J.A4; > 0 in equation (42) can be interpreted as a finite-time entropy produc-
tion in the measurement of the surface reaction using the full counting statistics of the
reactive events.

3. Proof of the finite-time fluctuation theorem

The proof of the finite-time fluctuation theorem (9) and the associated results stated in
sections 2.2 and 2.3 is carried out by discretizing space into small cells and using the
master equation of the stochastic process for the random numbers of molecules in the
cells, which, in the continuum limit, is equivalent to the stochastic process ruled by
equations (1)—(7). We solve this master equation using a method based on the moment
generating function for the probability distribution of the molecular numbers and the
number of reactive events occurring during some time interval [18, 37]. Since the
kinetic equations for the mean values of the molecular numbers are linear, the steady
state of the reaction-diffusion process is described by a Poisson distribution and the
partial differential equation ruling the moment generating function admits an exact
solution, yielding an expression for the cumulant generating function of the number
of reactive events occurring during some time interval. Its dependence on the count-
ing parameter is obtained by using projectors onto the subspaces corresponding to the
molecules of species A and B, and we find that the cumulant generating function has
the form (30). As a consequence, the probability distribution of the random number of
reactive events is given by equation (8), implying the finite-time fluctuation theorem

https://doi.org/10.1088/1742-5468 /aad7c2 8
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(9). In this discrete-space formulation, matricial expressions are obtained for the time-
dependent rates.

Returning to the continuum limit, we first show that we recover the macroscopic
diffusion-reaction equations for the mean concentration fields. Next, we deduce the
analytical expressions for the time-dependent rates by transforming the matricial
equations obtained by space discretization into partial differential equations and their
boundary conditions. This is performed by summing the matricial equations with arbi-
trary conjugate vectors in order to obtain expressions involving integrals in the contin-
uum limit. This method allows us to obtain the partial differential equations and their
boundary conditions by considering variations with respect to the space-dependent
conjugate functions corresponding in the continuum limit to the aforementioned arbi-
trary conjugate vectors. In this way, the time-dependent rates are shown to be given
by the solutions of the problems (15)-(18) and (21)—(25), finally yielding their analytical
expressions (11 and (12) with the time-dependent function (13) and the constant (14).
Also, expression (36) is obtained for the behavior of the cumulant generating function
at early time.

3.1. Space discretization

3.1.1. Master equation. In order to prove the theorem, the d-dimensional volume V'
is discretized into small cubic cells {C,} of side Ar, volume Ar? and centered on the
nodes r of a d-dimensional cubic lattice. Every cell contains a certain number of mol-
ecules of each species:

Ar:/ ca(r’)ydr’  and Br:/ cp(r')dr’. (43)

Some of the cells are in contact with the catalytic surface, the inert surface, and the
reservoir. Every cubic cell has 2d faces, which correspond to the 2d vectors

Ar € {(£Ar,0,...,0),(0,£Ar,...,0),...,(0,0,...,+Ar)}, (44)

joining the center of the cell to those of the next-neighboring cells. The cells in the bulk
of the volume have all their faces in contact with next-neighboring cells. However, the
other cells have some faces in contact with the catalytic surface, the inert surface, or
the reservoir. Therefore, for every cell, the set of 2d vectors is subdivided as

{AI‘} = {Ar}diff U {Ar}cat U {Ar}inert U {Ar}res (45)

into faces, through which particles can be exchanged by diffusion with next-neighbor-
ing cells or the reservoir, reflected on the inert surface, or transformed by reaction on
the catalytic surface.

The molecular numbers change in time according to the following processes:

ka

diffusion : A, kﬁ Ariar if Are {Ar}gq, (46)
A
k
B kﬁB Brtiar if Ar € {Ar} (47)
B

https://doi.org/10.1088/1742-5468 /aad7c2 9
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k
reaction : A, k\:‘+ B, if Are {Ar},; (48)

A, k:A A if Are {Ar},,, (49)

exchanges with the reservoir :
ka

B, 2B if Are {Ar} -
r \]; 1 I'e{ r}res’ (50)

and there is no change at the faces in contact with the inert surface. The rate constants
are given by

DA DB R4
ky = = =2 d k=
A NER B =R an + Ar (51)

in terms of the diffusion coefficients and surface rate constants of the continuous-space
formulation. These rate constants are positive and have the SI units of (second)!.
We consider the time evolution of the probability

P=P (n7 {Ar}v {Br}7 t) (52)

that the cells contain given molecular numbers and that n reactive events have occurred
during the time interval [0, ¢]. This probability is ruled by the following master equation,

P R
P _ip_ SUS ks <e*3Ar+me+aAr _ 1) AP

d r {Ar} i

+ 3 ke (e*anmewBr . 1) B.P
{Ar) g

+ Z ky (e7%retOmre 5 — 1) AP
{Ar),

+ Z k_ (e%’"e’af‘re*a’gr —1) B.P
{Ar),

+ ) [kadA (e —1) P+ ka (¥ — 1) A, P]
(At}

+ Y [ksB (7% —1) P+ kg ("% —1) B,P }}’ (53
{Ar),,

where A = éAAr¢ and B = égAr.

3.1.2. Kinetic equations for the mean numbers.
of the mean numbers,

)

As a consequence, the time evolution

<A1‘> - Z AI‘P7 (54)
n,{Ar},{Br}

<BI‘> = Z BI‘P7 (55)
nv{Al‘}v{Bl‘}

10
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(n) = Z nP, (56)

n,{Ar},{Br}

is ruled by the following equations,

= > Fa(lAear) = (A)) = Y (b (A) =k (B)) + Y ka (A= (AD), (57

{Ar}d iff {Ar}cat {Ar}res

= > ks ((Berar) = (Be)) + > (ke(A) —k_(Be))+ Y ks (B—(By)), (58)

{Ar} gy {Ar} . {Ar}
d
—(n) = Z Z (ki (Ar) — k—(Bx)). (59)
r {Ar}.,

In equations (57) and (58), the sums over {Ar} . and {Ar}  are possibly vanishing if
the cell located at r is not in contact with the catalytic surface or the reservoir.

If the mean numbers are larger than unity, the fluctuations around the mean val-
ues become Gaussian. In this limit, the Markov jump process described by the master
equation can be transformed into a diffusive process described by a Fokker—Planck
equation by expanding the raising and lowering operators up to second order in the
partial derivatives [40]. In this way, we can obtain the stochastic partial differential
equations (1) and (2) with the boundary conditions (4)—(6) and the Gaussian white
noises (3) and (7).

3.1.3. Equation for the moment generating function. In order to solve the master equa-
tion, we introduce with Gardiner [18] the moment generating function,

Gletobtuhi)= S0 o [T [T Pl (Aeh (B0 g
n,{A:},{Br}
where
z=¢e? (61)

and A is the counting parameter. This generating function obeys the following first-
order partial differential equation,

0G+3 0 ST [ka (2 — rrar) 00,6 + ko (e — Yrrar) 9,G)

r M{Ar}gi
+ Z [k+ (xr - Zyr) aer + k_ (yr - 271 xr) ayrG}
{Ar}cat
+ > [ka (2 — 1) 00,G + ki (4 —1)ayra]}
{Ar},
=> > [kadA(ze—1)+ksB (g —1)] G. (62)
r {Ar},,

https://doi.org/10.1088/1742-5468 /aad7c2 11
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Setting
s = ({ze} {we}) (63)
equation (62) can be written as
G+ (L-s+f)-0,G=(g-s+h)G, (64)
where
(L ’ S) X = Z Z [kA (Ir - xr—i—Ar) ar + kB (yr - yr—i—Ar) 61‘]
r {Ar} i
+ > [k (e —z) ar + b (e — 27 3) B
{Ar}cat
+ > (kazeor + kpye Br) } (65)
{Ar}res
fox==> Y (kacw+ksp), 66)
r {Ar}res
g-s=> > (kadaz.+ksBu), 67
r {Ar}l‘CS
and

h=-3"% (kaA+knB), (68)

v {Ar)

res

with the arbitrary vector

x = ({ar}, {B}) . (69)

3.1.4. Solving the equation for the moment generating function. As a first-order partial
differential equation, equation (64) can be solved by the method of characteristics [18].
The equations for the characteristics are given by

d
d—j:L-erf, (70)
4G

EZ(%'SJrh)Q (71)

where the matrix L defined by equation (65) contains the rate constants and depends
on z Setting A =0 and thus z=1 in this matrix defines the matrix Ly such that the
kinetic equations (57) and (58) together read

dr

E:LOT-(FO—F), (72)

https://doi.org/10.1088/1742-5468 /aad7c2 12
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where
I'=({{(An)}, {{Bx)}) (73)

are the mean molecular numbers. The stationary values of these molecular numbers
are given by

Lh=L,'" g (74)

in terms of the vector g defined by equation (67) and containing the elements with the
boundary values A and B. Moreover, the vector f can be written as

f=-Lo-1, (75)

which follows by comparing its definition (66) with equation (65) after setting s = 1 and
z=1. Similarly, the coefficient (68) is given by

h=-g-1. (76)
The solution of equation (70) gives the characteristics
s =clt. [Sg +L 7t (I — e_Lt) . f} , (77)

while the solution of equation (71) is given by
G=Goexp[g-L7'-(I—e ™) - (s+L" )+ (h—g-L"-f)t]. (78)

The initial condition is the Poisson distribution describing the steady state of equa-
tion (72) and the counter reset to zero n = 0, so that

Go(z,80) = et~ (79)

with the vector (74) of the stationary mean values of the molecular numbers. The solu-
tion of the partial differential equation (62) is thus equal to

Glz,s,it)=explg-L7" - (I—e) - (s+L7" )+ (h—g- L' f)t]
X exp {l"0~ [e"‘t s—L7t. (I —e"‘t) -f - 1]} (80)

3.1.5. Obtaining the cumulant generating function. We notice that the moment gener-
ating function of the number n of reactive events is given by

G(z,1,t) = (e™™), (81)

because of equation (61). The cumulant generating function at time ¢ is thus defined as
Q:(\) = —%lnG (z =e 1,t) , (82)
so that we find
Q) =g (1L = L (LT 1) (et (L), s

which can be written in the form
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1

Qu(A) = Que(A) = 2 =N, (84)
where

Qu(N) =g- (1+L7"-f) (85)
and

=N =g - (L'=L") - (1—e™) - (1+L7" 1), (86)

We notice that equation (86) converges exponentially towards a constant in the
limit ¢t — oo if the matrix L is supposed to be positive, which can be satisfied for some
values of z (or ) since the rate constants (51) are positive.

3.1.6. The dependence of the cumulant generating function on the counting parameter.
A further observation is that

L=M:-Ly-M"! (87)
with
M=:P,+Pg (88)
expressed in terms of the projection matrices
1 - 00 --- 0 0O --- 00 --- 0
0 --- 1.0 --- 0 0 --- 0 0
A 0O -~ 00 --- 0 an B 0O -~ 01 --- 0l (89)
0O --- 00 --- 0 0O --- 00 --- 1
respectively onto the variables of species A and those of species B. These projection
matrices satisfy the condition Pp + Pg = I. We thus have
M=1+(z-1)Py=1+(e*~1) Py, (90)
M'=1+(:z"=1)Pys=1+(c"—1) Py. (91)

Therefore, the cumulant generating function can be written as

QN =g-[I-M-L;' - ML
—%(M-Lgl—Lgl-M) (=) (M =Lyt - ML) | -1 (92)

As a consequence of equations (90) and (91), the previous expression becomes
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QN =g- [(1=2)Pa+(1-2")L" Pa-Lo—(2—2—2")Pa-Lg" - Ps- Lo
1 -1 -1 Lot -1 (93)
Z(Q—Z—Z )(LO -PA—PA'LO)'(l—e_o)'(PA—LO 'PA'LO) -1.

Because of equation (74) and since Pg = | — P, the cumulant generating function has
the form (30) with the rates

1
Wt(+):[\0.LO.PA.Lal-PB-LO-l—F;\I’(?ﬁ), 94

B 1
Wt()IFO'Lo'PB'Lal'PA'LO'l"i‘;\I](t)’ (95)

where
U(t)=To- (Pa—Lo-Ps-Ly)-(1—e ) (Pa—Ly'-Pa-Lo)-1. (96)

We have thus proved that the cumulant generating function has the form (30) and we
have obtained explicit expressions for the rates (11) and (12) and the function (13) for
a discretized space.

3.1.7. Deducing the probability distribution and its finite-time symmetry. According to
equation (82) and the previous results, the moment generating function has the follow-
ing expression,
+oo
G(Z, 1 t) _ Z Z"P(n, t) _ etWt(H(,z—l)thWt(—)(2—1,1)7 97)

n=—oo

with the probability distribution
Pt)= S PmAA}{BY) %)
{Ac}{Br}

for the number n of reactive events during the time interval [0,¢]. As shown in [37], we
can use the generating series of Bessel functions given by equation (9.6.33) of [39],

wata™/2 = Z q" L,( for q#0. (99)
Taking
u=2t\/ WOW (100)
- Wt(+) (101)
W

we get equation (8) in section 2, hence the finite-time fluctuation theorem (9). Q.E.D.
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3.2. The continuum limit

3.2.1. The mean concentrations. In the continuum limit, we should recover the noise-
less diffusion equations (1) and (2) with the noiseless boundary conditions (4)—(6) for
the mean concentrations (ca) and (cg). To obtain this result, we introduce the notations

ay = (A)/Ar, by = (B.)/Ar?, (102)

where AV = Ar?is the volume element, and we consider equation (57) for a cell in the
bulk of the domain V', in which case there is diffusion with all the 2d next-neighboring
cells and {Ar} = {Ar}qs. Consequently, equation (57) gives

dar DA
dt = m Z (ar+Ar - ar)7 (103)
{Ar}

which is the discrete version of the diffusion equation
Oi{ca) = DAV?*{ca) (104)

for the mean concentration of species A, (ca(r,t)) = lima, 0 ar(t) = lima, 0 (AL (t))/Are.
Similarly, we get

Oy(ce) = DpV? (cB) - (105)

Next, we consider equation (57) for a cell in contact with the catalyst by the facets
{Ar}ca. Therefore, {Ar}gir = {Ar} \ {Ar}c. and we find

day  Da Da !
dt - m Z (arJrAr - al‘) - m Z (ar+Ar - Clr) - E Z (HJrar N Hibr) ' (106)
{Ar} {Ar} {Ar}

cat cat

As before, the first term gives the discrete version of the Laplacian, while the second
can be approximated using

Qpinr =~ ap + Ar-Va, =a, — Arl; -Va,, (107)

where, as noted earlier, 1, is the unit vector normal to the surface and oriented towards
the interior of the volume V. For this cell, we thus have

Oy ~ DA V?ar +— Y [Daly-Va— (kia—r_b),, (108)
{Ar}

cat

where the derivative da,/dt becomes the partial derivative 0a,. In the limit Ar — 0,
consistency is established if every diverging term in the right side is vanishing, which
yields the boundary condition

Dp 0y (ca) = ky{ca) — k_(cB) if rée Se, (109)
for the mean concentrations, thus recovering equation (4). Similarly, equation (58) gives
—Dp 0y (cp) = kylca) —r-(cg) if 1€ Sear- (110)

The boundary conditions on an inert surface are recovered by setting the rate constants
equal to zero, k4 = 0.

If equation (57) is considered for a cell in contact with the reservoir by the facets
{Ar},es, we have that {Ar}ge = {Ar} \ {Ar},s and
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da, Da Dy Da -
= a2 s —a) =15 30 (aar—a) 15 > (@ - a), (111)
{Ar} {Ar}res {Ar}res

because ¢y = A/Ar?. Since the first term of equation (111) can also be approximated in
terms of the Laplacian and the next terms can be grouped together, we obtain

Oy ~ DAV + -5 Y (Ca — aryar) - (112)
{Ar}I‘CS

Again, the consistency is established in the limit Ar — 0 if every diverging term in the
right side is vanishing, whereupon we find the boundary conditions a, Ay = Ca, if r is
the center of a cell next to the reservoir and Ar € {Ar},. Consequently, we recover
the boundary conditions

(ca) = Ca and (cp) = B if ré€ Ses, (113)

which are given by equation (6) for the mean concentrations.
In addition, equation (59) becomes

d
&<n> = /Cat dS (ky(ca) — k—(cB)) (114)

in the limit Ar — 0, because the rates are given by equation (51), the surface element
is AS = Ar?~! and the sum over the cells having some facets {Ar}., in common with
the catalytic surface converges to a surface integral over the catalyst.

The continuum description is thus recovered for the mean concentrations from the
stochastic process introduced by spatial discretization.

3.2.2. The matrix Ly in the continuum limit. In order to interpret more precisely
the matrix Ly in the continuum limit, we take the scalar product of the kinetic equa-

tion (72) with the vector (63) and use equation (74) to get
dr
S - dt:—I‘ Lop-s+g-s. (115)

With the notation I' = ({arArd}, {brArd}), equation (65) for z= 1, and equation (67),
we obtain

Z Ard <xr dar %)
- — Z Ar { Z ]{ZA (Ir — $r+Ar) ay + kB (yr - yr+Ar) br]

{Ar} i
+ Y (e — ) (kpar — k_by)
{Ar}cat
+ Z [kAxr (ar - EA) + kB Yr (br - EB)]}'
e (116)
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Using the identity

Z Z errArar:Z Z Ty Qr4Ar (117)

r {Ar}yir r {Ar}gi

a similar relation for y.,a, and by, as well as {Ar}agr = {Ar} \ {Ar}eas \ {Ar }res,
equation (116) becomes

dF da db,
= A r — r
S Z " (:1: TR Ly )

= Z A?"d Z kA xl‘ ar+Ar - ar) + kB yI‘ (br+Ar - br>]

r {Ar}
- Z AT Z kA Ty (aI'JrAI' - al‘) + kB Yr (errAr - br) + (xr - yr) (k+ar - kfbr)}
{Ar}cat
- Z Art Y " [kate (arear — &) + kp yr (berar — C8)] - (118)
{Ar}

Substituting the expressions (51) for the rates, and using the approximations (107), we
have that

day db,
ZAT (xr T + Yp dt)
~ Z Ar® (Da zp Var + Dy yy V0;)

+ ZAT’d ! Z [Dyzy 1y -Vay + Dpye 1y - Vb — (20 — yp) (Kpay — K_by)]
{Ar} o

o Z A?”d ? Z DAxr (ar+Ar - EA) + DB Yr (br+Ar - EB)] ) (119)
{Ar}rcs

In the limit Ar — 0, the last terms at the boundary with the reservoir are vanishing
because of the boundary conditions a,;ar = ¢a and by ar = ¢g and we find

/dV (x Ora+ y Osb) = /dV (az DaV?a+1yDg VQb)
+ / dS [z (Daydia—kia+ k-b)+y(Dgd b+ kia— k_b)]. (120)
cat

We notice that the diffusion equations and the reactive boundary conditions are recov-
ered by considering variations of this equation with respect to x and y. Therefore, the
matrix Ly can be interpreted as the evolution operator of the diffusion equations com-
bined with the boundary conditions of the problem. The result is consistent with the
fact that equation (72) corresponds to the macroscopic diffusion equations.

3.2.83. The asymptotic cumulant generating function. Here, we calculate the asymp-
totic value (85) of the cumulant generating function (83). Denoting 7 the solution of
the problem

L'y =g, (121)
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and using equation (75), the asymptotic cumulant generating function can be expressed
as

Qoo(A) =7-(L—1Lg) 1. (122)
With the same method as before and replacing in equation (65) the vector x by
v = ({aar}, {beArt) (123)

we get

'y-L-s:—/dV(xDAV2d+yDBV25>
- /Cat ds [a: <DA .a— K+&+Z_1R_B> +y <DB d1b+ 2k a — K_Bﬂ

+i/ s (mDAa+yDBB>,

Ar
(124)
while equation (67) becomes
1
g-s:E/ dS (x Daéa +y Dgcg) . (125)

Since equation (121) implies the equality v-L-s =g s for any vector s, its solution
can be expressed in terms of the fields a(r) = lima,_, @, and b(r) = lima,_, b, that are
given by solving

Via=0, (126)

V=0, (127)

D (018) gy = (m4a— 27" D) (128)
cat

DB (8L6>cat - (Z KJ+EZ B K_g)cat 7 (129)

(@), = Ca, (130)

(B)res - _B ‘ (131)

Setting

. _ 14 _ 1 -

a(r) =ca — D (kyea — 2 'k_n) ¢(1), (132)

- B / _ _

b(r) =& + 5~ (2f4Ca — K-Cp) $(r), (133)

B

we find that the field ¢(r) is the solution of equations (15)—(18).
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In order to calculate (122), we set s = 1 in equation (124) and substract the same
expression with z= 1. Since z = e™*, we obtain

Q) = /Cat ds |:I€+C~L (1—e)+rb(l- eA)} (134)

in terms of the solution of equations (126)—(131). Substituting equations (132) and (133)
therein yields

Qu(N) = / A5 (1= 0) [t (1 =) 5 (1= ).

(135)
According to equation (14), we thus find
Qoe(N) =W (1—e)+ W) (1-¢), (136)

proving that the asymptotic values of the rates (11) and (12) are indeed given by equa-
tions (26) and (27).

3.2.4. The time-dependent contribution to the cumulant generating function. Here, we
calculate the time-dependent function (86), which appears in the last term of the cumu-
lant generating function (83). Using equation (87), the function (86) becomes

2N =g- (L'-L") M- (I—e™) - M (14171 -1). (137)

On the one hand, the vector g can be expressed in terms of the stationary state
I’y according to equation (74), as well as in terms of the vector vy given above by
equation (121),

g=L; -To=L"-7. (138)

On the other hand, the vector f can be written as in equation (75). Consequently, the
function (137) is of the form

E(N) =q-(1—e"") € (139)
with

n=(y—-To) M (140)
and

=L - M (L—Ly)-1. (141)
Using equations (90) and (91), we notice that

n=(1-2Ty (Px—Lo-Ps-Ly"), (142)

E=(="-1)(Pa—Ly' Pa-Lg) -1, (143)

showing that we should expect the factorizations of 1 — z and 2z ! — 1, respectively. In
order to establish this factorization and obtain the analytical expressions for (140) and
(141) in the continuum limit, we proceed as follows.
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Multiplying equation (140) by an arbitrary vector s = ({z,},{y:}) and using the
notations (123),

n= ({ul‘Ard}a {UI‘ATd}) ) Ty = <{<Ar>st}’ {<Br>st}) ) (144)
as well as the definition (88), we have that
n-s= Z Ard (ur Ty + Uy yr) = Z [Z (drArd - <Ar>st) Ty + (51'Ard - <Br>st> yr:| . (145)
Since

<Ar>st - <CA(r)>st Ard and <Br>st - <CB(r)>st Ard . (146)
Equations (35), (132) and (133) yield

CB
r=(1— lk_—— )
up = (1—2) 0k D, 9(r) (147)
vy =—(1-2) fmlc_)—z o(r), (148)

confirming the factorization expected by equation (142) and expressing (140) in terms
of the solution ¢(r) of the stationary problem (15)—(18).
Multiplying equation (141) by Ly and an arbitrary vector (69), we obtain the equation

X Lo €=x M (L-Lp)-1 (149)
that the vector € = ({Z,}, {J:}) should satisfy. With the same method as before, we get
1 . -
x-Lo-&~ —m/dv (xDAV2a+yDBV25)
1

—m/ dS[i’(DAaLO[—Ii_FOZ‘i‘Ii_,B)+g(DBaLB+K}+O[—KJ_/8)]
cat

1 - -
+ W/reSdS(afDAa‘i‘?/DBﬁ)v
(150)
and
1
X - Mi1 . (L — Lo) -1~ A_Td ds (Z_l — 1) (I€+Oé - K—ﬁ) : (151)
cat

At the leading order 1/Ar%*! the equality (149) between (150) and (151) shows that
the boundary conditions (Z)res = (¥)res = 0 should be satisfied on the reservoir. Now,
integrating by parts leads to

/ dVi Via = / dVa V% + / dS (ad @ —70,.a) (152)

and a similar relation between 7 and 3. Accordingly, at the subleading order 1/Ar?,
equation (149) becomes
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/ dV (o Da V?E + 8 Dy V?)

+/ AS{a [Dad1@—ky (B —g+1—2"]+B[Dpdig+r_(E—g+1—2"")]}=0.
cat (153)

Taking variations with respect to a and 3, we find that the fields £ and y are the solu-
tions of the following problem:

Vi =0, (154)
V=0, (155)
Dy (018)gy = ki (E=+1—27") (156)
D (019)e = k- (Z—g+1—27")_, (157)
(Z)res = 0, (158)
(J)res = 0. (159)
With the substitution

- _ K

Fr)=(z"1—1)¢ D—; ¢(r), (160)
jr)=— (="' 1) 0= o(r), (161)

Dg

the problem is reduced to finding the solution ¢(r) of equations (15)—(18).
Now, equation (139) can be rewritten as

=N =n- (&) (162)
in terms of the time-dependent vector

Er=c"" ¢, (163)
which is the solution of

d§;

LA [

T 0-& (164)

and denoted & = ({Zir}, {Jir}). Multiplying equation (164) by an arbitrary vector (69)
and using the same method as above, we find that

/dV (0, + B Oy) = /dV (v Da V2%, + 8 Dy V2§)

- /Cat dS{a[Da 017 — kg (T — §e)] + B[Dp 0LG + Kk (T4 — gt)}}(165)

with the boundary conditions (Z;)res = (¥t )res = 0. The fields Z; and g; are thus the solu-
tions of the following problem:
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Oy = DAV?Ty, (166)
Oy = DV?3;, (167)
DA (01%4) oy = Fir (Tt = Tt) eat » (168)
Dp (019¢)car = —F— (Tt = Ut)cat - (169)
(Tt)res = 0, (170)
(Ft)res = 0, (171)
Ti—0 =17, (172)
Yi=0 =Y, (173)

where the initial conditions are given in terms of the previously obtained stationary
functions  and y. Setting

Ty(r) = (=71 =1) Eg—; A(r,t), (174)
Gi(r) = — (27" = 1) EZ—B fa(r,t), (175)

we conclude that the functions fi(r,t) obey the time-dependent problem of equa-
tions (21)—(25) for k£ = A, B. We note that the factorization expected by equation (143)
is confirmed by equations (160), (161), (174) and (175).

Substituting the results (147), (148), (160), (161), (174) and (175) into equation (162),
we find

BN =Y A [uy (Fr — Fop) + Ve (G — Gor)]

= (1= (7 = 1) o 3 Ao { T 1600~ Fa(r.0] + T [006) — falr. 0]}
' (176)

A

Since z = e ", we finally obtain

Ei(N) = (M + e —2) U(t) (177)
expressed in terms of the function (13) in the continuum limit Ar — 0.

The analytic expressions (11) and (12) for the rates are thus proved.

3.2.5. The cumulant generating function at early time. Expanding the function (139)
in powers of time, keeping the term of first order in the time ¢, and replacing Q.. ()
with its expression (122) in equation (84), we get the following expression,

Qi(A\) =Ty - (L—Lo)-1+0(1), (178)

showing that the early-time behavior of the cumulant generating function is given by an
expression similar to equation (122), but with the vector 7y corresponding to the fields
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(a, b) substituted by the stationary state (74) corresponding to the fields ({ca)st, (Bt )-
Carrying out this substitution in equation (134), which is the continuum limit of equa-
tion (122), we obtain equation (36).

4. Conclusion and perspectives

In this paper, a finite-time fluctuation theorem was established for the diffusion-
influenced surface reaction A = B ruled by stochastic partial differential equations.
The theorem was deduced by solving the evolution equation for the moment generating
function of a corresponding spatially discretized system, thereafter taking the contin-
uum limit. The analytical expression of the cumulant generating function is thus given
in terms of the finite-time rates of the diffusion-influenced reaction process. In this way,
the large-deviation properties of the spatially extended stochastic process are obtained
by solving deterministic diffusion equations with specific boundary conditions.

The results show that, in stationary states, the full counting statistics of the reactive
events satisfies a time-reversal symmetry over every finite time interval. The affinity
of the fluctuation theorem also depends on time with a known analytical dependence.
In this diffusion-influenced system, one of the prominent features of this affinity is that
it may take different values at finite time than its asymptotic value predicted by the
standard infinite-time fluctuation theorem.

The finite-time fluctuation theorem holds because the macroscopic rate of the
reaction A = B is linear in the concentrations (although nonlinear in the affinity).
Therefore, the generating function (80) of the joint conditional probability distribution
for the numbers of molecules and reactive events remains exponential in the generating
variables, s, associated with the numbers of molecules, if the counting starts from the
Poissonian stationary state. In this regard, we may conjecture that the result can be
extended to networks of diffusion-influenced surface reactions having macroscopic rates
that are linearly dependent on the concentrations. In such systems, several currents
may be coupled together, leading to Onsager reciprocal relations and their generaliza-
tions to the nonlinear response regimes [29].
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