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Reaction-diffusion
�

systemsconsistingof a collectionof reactivedomainsseparatedby chemicallyinactive
regions� are considered.The reactive dynamicsis governedby a multistep reaction mechanismand each
reactivedomain is specific to a particular elementarystep or collection of elementarystepsof the global
reactionmechanism.Far-from-equilibriumsituationswheretheglobal kineticscangive rise to complexstates
such� asbistability or oscillationsarestudied.A generalmethodfor thecalculationof theaverageconcentration
on� eachreactivedomain is presented.The effectsof compartmentalizationare illustratedby a study of the
influenceof diffusion, reactivedomainsize,anddomaindistributionon thenatureof thestationarystatesof the
Schlo
	

¨gl
 model.Compartmentalizationcandrive thesysteminto andout of thebistableregimeof this reactive
system.�
DOI: 10.1103/PhysRevE.63.016211 PACSnumber� s� � :
 05.45.� a,� 82.20.� w, 82.40.Bj,02.30.Hq

I.
�

INTRODUCTION

If a chemical reaction comprising several elementary
steps� takesplacein a mediumwherethereactingspeciesare
uniformly� dispersedon scaleswhich aresmall comparedto
the
�

diffusion length,oneexpectsthemassactionratelawsto
describe
�

the dynamicsof the chemicalconcentrations.If in-
stead� the systemis inhomogeneousandeachelementaryre-
action� step,or subsetof elementarysteps,takesplace in a
specific� spatial region of the medium,modificationsof the
reactiondynamicsmay appear.Suchcompartmentalizedre-
action� kineticscanarisefrom aninhomogeneousdistribution
of� specific catalytic domains � 1� ; in biological contextsit
might occur when reactionstake place only in specialized
organelles� in the cell � 2� .

Some
�

limiting caseswill serveto illustrate the effectsof
compartmentalization.� Supposethe domains that catalyze
specific� reactionstepsare finely dispersed.In this circum-
stance� the reactivedomainsin small coarsegrainedregions
of� thesystemwill becoupledstronglyby diffusion.All steps
of� the reactionmechanismwill contributeandthe dynamics
will� be describedby the global reactionmechanism.Next,
consider� the casewherethe domainsare large comparedto
the
�

diffusion length in the system.In the interior of each
catalytic� domainonewill observebehaviorcorrespondingto
the
�

particularstepof thereactionmechanismthat takesplace
on� the domainbut the domainsthemselveswill be coupled
by
�

diffusion. We investigatehow reactivedynamicschanges
from
 

that describedlocally by specificreactionstepsto glo-
bal
�

behaviorinvolving the full reactionmechanism.
Interestingsituationsmay arisein autocatalyticreactions

carried� out underfar from equilibriumconditionswhich have
been
�

studiedextensively! 3" # . The effectsof inhomogeneities
havebeenthe topics of recentinvestigations.For example,
inhomogeneousillumination of the light-sensitiveBelousov-
Zhabotinsky
$

reactioncancausecertainstepsof the reaction
mechanism% to occur at different ratesinducing variableex-
citability� in the medium & 4,5' . Complexationreactionsof
starch� arebelievedto play a role in Turing patternformation
in
(

the chlorite-iodide-malonicacid reaction ) 6* + and� the ef-
fects
 

of inhomogeneousdistributionsof complexingagents

on� Turing patternformationhavebeeninvestigated, 7- . .
Effects of compartmentalizationof the reactionmecha-

nism on the qualitativedynamicsof a systemcomposedof
reactive/ domainshave beenstudied in the earlier 0 81 2 . For
instance,
(

it hasbeenshownthat changesin reactivedomain
separation� can alter the stability of the steadystate 3 94 5 and�
can� influencetheoscillatorydynamicsof thesystem6 10,117 .

We
8

considerhow compartmentalizedreactionkineticscan
influence
(

the behaviorof reactionsoccurringunderfar from
equilibrium9 conditionswherecomplexkineticsmaygive rise
to
�

multiple steadystates,oscillationsandchaos.In Sec.II we
present: a generalformulationof this problemandshowhow
one� mayobtaina setof coupledequationsfor themeancon-
centrations� on eachdomain.We examineregularanddisor-
dered
�

distributions of domains.A specific model reaction
mechanism,% theSchlögl; model < 12= ,> is consideredin Sec.III.
The
?

reactionmechanismfor this modelconsistsof two steps
and� we supposethat the reactionscorrespondingto these
steps� occur in distinct spatial domains. Under far-from-
equilibrium9 conditionsthe systemmay exhibit bistability in
appropriate� parameterranges.We showhow thesteadystate
bifurcation
�

structureis modifiedasa resultof compartmen-
talized
�

reactionkinetics.The calculationsarecarriedout for
various� distributionsof catalyticsitesandfor variousbound-
ary� conditions.Theconclusionsof thestudyalongwith com-
mentson othertypesof compartmentalizedreactiondynam-
ics arepresentedin Sec.V.

II. COMPARTMENTALIZED CHEMICAL REACTIONS

We
8

considera systemwith m@ chemically� reactivespecies
where� the overall reactionmechanismconsistsof nA elemen-9
tary
�

steps
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Thereactionis assumedto takeplacein an sn -dimensional
mediumconsistingof N

o
reactivedomainscenteredat ri (

[
i
pq 1, . . . ,N

o
)
^
, on which reactionscorrespondingto one or

some� subsetof the elementarystepsof the mechanismtake
place.: We denoteby r i the

�
regionof spaceoccupiedby the

reactive/ domain i
p
. We supposethat reactionsoccur only

within� thesedomainsandthatchemicalspeciesfreely diffuse
throughout
�

the medium.One may considerother situations
where� reactionsalso occur outsidespecific catalytic statess
13t . A schematicillustration of suchmediumfor onespace

dimension
�

is shownin Fig. 1.
Such
�

a systemis describedby a reaction-diffusionequa-
tion
�

u
cv w r,> tx yz

tx { D 2
|
cv } r,> tx ~�� R � cv � r,> tx ��� ,> � 2�

subject� to appropriateboundaryand initial conditions.Here
cv ([ r,> tx )^ ��� c� k

C ([ r,> tx )^ � is the vector of local concentrationsfor
species� X

� ���
X
H

k
C � at� time tx ,> D

�
is
(

the diffusion coefficientma-
trix
�

assumedto be constantand diagonal and R � cv ([ r,> tx )^ ����U�
k
C � cv ([ r,> tx )^ ��� is the vector of reaction rates whose ele-

mentscanbe written as

�
k
C � cv � r� ,> tx  �¡£¢¥¤

i ¦ 1

N
§

R
¨

k
C©«ª i
¬ ­¯®

cv ° r� ,> tx ±�²£³ i ´ r� µ . ¶ 3" ·
In
¸

this equationR
¨

k
C¹»º i
¬ ¼

is
(

the reactionratefor speciesk
\

corre-�
sponding� to theelementarysteps½¿¾ i À that

�
occurin domaini

p
and� Á

i(
[
r)
^

is a characteristicfunction which is unity within
domain
�

i
p

and� zerootherwise,

Â
i Ã rÄ�Å 1 if r ÆÈÇ i ,>

0
É

otherwise.

The
?

formal solutionof Eq. Ê 2Ë Ì is
( Í

14Î
c� k
C Ï r,> tx Ð�Ñ G

Ò Ó
r,> tx ;r0

Ô ,0> Õ£Ö k
C × r0

Ô Ø dÙ sÚ r0
Ô

Û
0
Ô t
Ü

G
Ò Ý

r,> tx ;r0
Ô ,> tx 0Ô Þ�ß k

C à c� á r0
Ô ,> tx 0Ô â�ã dÙ sÚ r0

Ô dt
Ù

0
Ô

ä
D
å

k
C

0
Ô t
Ü æ

G
Ò ç

r� ,> tx ;r� 0
Ô ,> tx 0Ô è ré 0

ê c� k
C ë r� 0

Ô ,> tx 0Ô ì
í c� k

C î r0
Ô ,> tx 0Ô ï ré 0ê GÒ ð r,> tx ;r0

Ô ,> tx 0Ô ñ�ò n̂dS
Ù

0
Ô dt
Ù

0
Ô ,> ó 4ô

where� G
Ò

(
[
r� ,> tx ;r� 0

Ô ,> tx 0Ô )^ is the time-dependentGreen function,õ
k
C ([ r)

^
is the initial condition, n̂ is the unit vectornormal to

the
�

boundarysurfaceof thesystem,anddS
Ù

0
Ô is
(

a differential
element9 of the surfaceareaof the system.The first term in
this
�

equationrepresentsthe effect of the initial conditionon
the
�

solutionandthe secondterm containsthe reactionrates.
The
?

third term accountsfor the effect of the boundarycon-
ditions
�

on the solution.The third term vanishesif the con-
centrations� or their gradientsat the boundaryareprescribed
to
�

be zero.
The
?

solutionof Eq. ö 4÷ ø is
(

difficult to obtainin thegeneral
case.� To study the bifurcation structureand to simplify the
analysis,� insteadof computingthe concentrationfields at ar-
bitrary
�

spacepoints,we focus on the reactivedomainsand
construct� a setof equationsthat showhow the dynamicson
the
�

variousdomainsis coupledthroughdiffusion. For each
reactivedomainj

ù
,> we considerthe concentrationfield aver-

aged� over the domain,

c� k
C

, j
ú û tx ü�ý 1

V j
ú c� k

C þ r,> tx ÿ�� j
ú � r� dÙ sÚ r,> � 5� �

where� V j
ú is the volumeof domainj

ù
. The volumeaverageof

Eq. � 4� leadsto

c� k
C

, j
ú 	 tx 
�� Ik

C
, j
ú
����

i

N
§

Ik
C

, j i
úR
� �

Dk
C Ik
C

, j
úB
�

,> � 6* �
where�

I
�

k
C

, j
ú��� 1

V j
ú G

Ò �
r� ,> tx ;r� 0

Ô ,0> ��� k
C � r� 0

Ô �� 
j
ú ! r� " dÙ sÚ r� 0

Ô dÙ sÚ r� ,> # 7- $

Ik
C

, j
úB
� % 1

V j
ú

0
Ô t
Ü &

G
Ò '
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C ) r0

Ô ,> tx 0Ô *
+ c� k

C , r� 0
Ô ,> tx 0Ô - r0

ê GÒ . r� ,> tx ;r� 0
Ô ,> tx 0Ô /10 n2 ˆ 3 j

ú 4 r� 5 dS
Ù

0
Ô dÙ sÚ r� dt

Ù
0
Ô ,> 6

8
1 7
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, j i
úR
� 8�9

i

N
§

1

V j
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0
Ô t
Ü

G
Ò :
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Ô ,> tx 0Ô ; Rk

C <>= i
¬ ?

@BA
cv C r� 0

Ô ,> tx 0Ô D1EGF i H r� 0
Ô I�J

j
ú K r� L dÙ sÚ r� 0

Ô dÙ sÚ r� dt
Ù

0
Ô . M 94 N

We
8

haveusedEq. O 3" P in
(

orderthe obtainthe form of the
reaction/ contribution in Eq. Q 94 R . If the Green function is
known, integrals S 7- T and� U 81 V involve only known quantities
and� can be calculated.We concentrateon the reactivetermW
9
4 X

. The integralsin this termcanbeinterpretedastheeffect
of� the reactionswithin domaini

p
on� the meanconcentration

in domainj
ù
. Exactcalculationof thesetermsis in generalnot

possible.: However,if domaini
p

is distantfrom domainj
ù
, w> e

may computeIk
C

, j i
úR
�

for j
ù Y

i
p

by
�

expandingthe reactionratein
domain
�

i
p

in
(

a multipole expansion

FIG. 1. A schematicillustration of a one-dimensionalmedium
showingreactivedomainscenteredat xZ j

[ where\ reactionsR ] j
^

take
place. The systemlength is L

_
while\ the reactive domainshave

length l
`
.
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Rk
C d>e i
¬ fhg

c� i r,> tx j1k�l i m rn�o�p
l
q r

0
Ô
s

1

l
t
!

d
Ù sÚ r r l

q
u

R
¨

k
C v>w i
¬ xhy

cv z r� ,> tx {1|�} i ~ r� � � l
q

l
q ���

r� � r� i � ,>
where� � l

q
signifies� l

t
tensor
�

contractions.For widely sepa-
rateddomainswe mayretainonly themonopoleterm l

t �
0 i
É

n
the
�

abovesumto obtain

Rk
C �>� i
¬ �h�

c� � r,> tx �1��� i � r��� d
Ù sÚ rRk

C �>� i
¬ �h�

cv � r,> tx �1�G� i � r����� 
r� ¡ r� i ¢¤£ r� ¥§¦ j

ú ¨ .
In generalthe reactionrateswill be nonlinearfunctionsof
the
�

concentrationfields so the volumeaveragewill be diffi-
cult� to computeexactly.If we neglectthespatialstructureof
the
�

concentrationfield over a domainwe may write

Rk
C ©>ª i
¬ «­¬

cv ® r,> tx ¯1°�± i ² r³�´ V iRk
C µ>¶ i
¬ ·­¸

cv i ¹ tx º1»�¼¾½ r ¿ ri À . Á 10Â
In this approximationthe termsfor j

ù Ã
i
p

simply� involve the
computation� of the volume averageof the Greenfunction
over� domainj

ù
evaluated9 at the locationof the centerof do-

main i
p
,> a quantitywhich is easilycomputedoncethe Green

function is known.
The
?

diagonaltermsi
p Ä

j
ù

in
(

Eq. Å 94 Æ involve
(

diffusive cou-
pling: of spatialpointswithin a singledomainandthe multi-
pole: expansioncannotbe used.However,as in the caseof
the
�

off-diagonalterms,we maystill approximatethereaction
rate/ within a domainby its valueat the meanconcentration
within� the domainso that

Rk
C Ç>È j
É ÊhË

cv Ì r,> tx Í1Î�Ï Rk
CÐÒÑ j
É ÓhÔ

cv j
ú Õ tx Ö1× ,> Ø 11Ù

which� neglectsreactivecorrelationswithin a domain. The
diagonal
�

termstheninvolve thedoubleintegralof theGreen
function
 

overdomainj
ù
,> a quantitywhich is againeasilycom-

puted: if the Greenfunction is known.
Using
Ú

theseapproximations,Eq. Û 6* Ü becomes
�

c� k
C

, j
ú Ý tx Þ�ß I

�
j
ú
,k
Cà�á

D
å

k
C I� k
C

, j
úB â�ã

i

N
§

0
Ô t
Ü ä

k
C

, j i
ú å tx ,> tx 0Ô æ R¨ k

C ç>è i
¬ éhê

cv i ë tx 0Ô ì1í dt
Ù

0
Ô .î
12ï

The
?

prefactorsð k
C

, j i
ú are� given by

ñ
k
C

, j i
ú ò tx ,> tx 0Ô ó�ô 1

V j
ú õ

j
É GÒ ö r,> tx ;r0

Ô ,> tx 0Ô ÷ dÙ sÚ r0
Ô dÙ sÚ r ø j i

ú
ù ú

j
É GÒ û r� ,> tx ;r� i ,> tx 0Ô ü dÙ sÚ r� ý 1 þ�ÿ j i

ú � . � 13�
Equation
� �

12� ,> togetherwith Eqs. � 7- � ,> � 81 	 ,> and 
 13� ,> have
recastthe original reaction-diffusionprobleminto the form
of� a systemof N

o �
m@ integral

(
equations.The complexityof

this
�

setof equationswill dependon the numberof domains
and� their spatialconfigurations.We shallexplorethevalidity
of� this reductionin thesequel;however,beforedoingthis we

may constructa further approximatesolutionwhich will al-
low one to considercomplicatedconfigurationsof reactive
domains.
�

Mean-field



approximation. As a further simplification,
particularly: usefulwhenthe numberof domainsis largeand
randomlydistributed,one can sum over all like domainsto
obtain� their meanconcentrations,i.e.,c� k

C
, j
ú � c� k

C
, ��� p� � for all do-

mains% in which the setof ��� p� � elementary9 stepstakeplace.
We
8

obtaina systemof nA � m@ equations9

c� k
C

, ��� p� ��� W tÜ �! 
sÚ " 1

n#
0
Ô t
Ü
W $&%

p� ' ,(&) s* +-, tx ,> tx 0Ô . R /�0 s* 1�2 c� k
C

,sÚ 3 tx 0Ô 465 dt
Ù

0
Ô ,>7

148
with�

W tÜ 9 nA
N
o :

i

N
§

I
�

k
C

,i

;=<�>�?
i
¬ @ ,A&B p� C�D D

å
k
C E

i

N
§

I
�

k
C

,i
B F�G&H

i
¬ I , J�K p� L ,> M 15N

W O&P
p� Q ,R&S s* T�U nA

N
o V

i, j
WN
§ X

k
C

, j i
W Y tx ,> tx 0Z []\_^�` j

a b ,c&d p� e-f�g�h i
¬ i , j�k s* l . m 16n

Such
�

a descriptionwill be useful if we are not concerned
with� the detailsof the concentrationfields for any specific
configuration� of reactivedomainsbut only the behaviorof
like
o

domainswhenaveragedover realizationsof the random
distribution.
�

The descriptionwill also be useful if thereare
symmetries� that fix the concentrationsof like domainsto be
identical.Equationsp 12q and� r 14s will� form thebasisfor the
analysis� presentedin the following sections.

III. AN EXAMPLE: SCHLÖGL MODEL

As
t

an illustrationof theaboveformalismwe considerthe
Schlo
� ¨gl; model u 12v

A
w x

X
H

,>
k
C y

1

k
C

1

B
z {

2
Ë

X
H |

3
"

X
H

k
C }

2

k
C

2 ~
17�

in
(

a one-dimensionalmedium consistingof N
o

reactive/ do-
mainsof length l

t
centered� at positionsx� i .

In
¸

this casenA � 2,
Ë �

i � 1,2, for i
p �

1, . . . ,N
o

. Furthermore,
if A and� B are� pool specieswhoseconcentrationsare con-
stant,� thereis only onereactivespeciesandwe candrop the
index
(

k
\
. Dependingon the choiceof kinetic parameters,the

Schlo
�

¨gl; modelpossesseseithera singlestablesteadystateor
bistable
�

steady states. To investigate such stable states
we� considerthe time-independentform of Eq. � 2Ë � in

(
one

dimension
�
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D � 2c� � x� ��
x� 2
� ������� c� � x� �6� ,> � 18�

which� supportskinklike solutionsseparatingthe two stable
homogeneousstatesif � representsthe reactionratefor the
full mechanism� 17� . Instead,if we considerthe compart-
mentalized% inhomogeneousform of the Schlögl; reaction-
diffusion
�

system,different typesof behaviorarepossible.If
D is small or the reactivedomainsare large, eachdomain
will� tendto reachthe equilibrium concentrationcorrespond-
ing
(

to the particularstepof the reactionmechanismtaking
place: in it. For example,type-1 domains,correspondingto
the
�

first stepof mechanism� 17� ,> will tend to c� j
W � k

\
1a� /
 
k
\ ¡

1
while� the type-2domainswill havec� 2 ¢ k

\
2b
£

/
 
k
\ ¤

2 . As D in-
creases� or the domain size becomessmall the systemwill
tend
�

to the bistablevaluesof the homogeneoussystem.We
now¥ studythis situationin detail.

For zero-flux boundary conditions or for c� (0)
[ ¦

c� (
[
L)
^§ 0,

É
the third term of Eq. ¨ 4© vanishes� and I j

WB� ª 0.
É

If c� (0)
[« c� (

[
L)
^ ¬

0
É

this termreducesto a constantwhich we call c� 0
Z
.

Also,
t

for one spatial dimensionthe characteristicfunction­
i(
[
r)
^

is the Heavisidefunction ® (
[
l
t
/2
  ¯±°

x� 0
Z ² x� i ³ )^ . Thus,the

formal solution,Eq. ´ 4µ reducesto

c� ¶ x� ·¹¸ G
Ò º

x� ,> x� 0
Z »½¼

i
R
¨ ¾

i
¬
c� ¿ x� 0

Z ÀÂÁ l
t
2
Ë Ã±Ä x� 0

Z Å x� i Æ dx
Ù

0
Z Ç c� 0

Z
.È
19É

The
?

reactionratescorrespondingto the mechanismÊ 17Ë
are�

R
¨ 1 Ì c� Í x� Î6Ï½Ð k

\
1a� Ñ k

\ Ò
1c� Ó x� Ô ,>

R
¨ 2
� Õ

c� Ö x� ×6Ø½Ù k
\

2bc
£ Ú

x� Û 2
� Ü

k
\ Ý

2c� Þ x� ß 3
à
,> á 20

Ë â
where� a� and� b

£
are� the constantconcentrationsof speciesA

and� B
z

,> respectively.
Integration
¸

over any particulardomainj
ù

yieldsã
c� j
W ä 1

l
t å

i
G
Ò æ

x� ,> x� 0
Z ç R è i

¬ é
c� ê x� 0

Z ë6ì6í l
t
2 î±ï x� 0

Z ð x� i ñ
ò�ó l

t
2 ô±õ x� 0

Z ö x� j
W ÷ dx

Ù
0
Z dx
Ù ø

c� 0
Z
,> ù 21ú

which� we rewrite in the form

c� j
W û I j j

W üþý
i ÿ j
W I j i
W � c� 0

Z
.

�
22�

Since
�

the first step of the Schlögl; model is linear in the
concentration� of speciesX,> the volumeaverageof this reac-
tion
�

rateinvolvesno approximation.Equations� 10� and� � 11�
take
�

the form

R � i
¬ �

c� 	 x� 
���
 l
t
2 � � x� 0

Z � x� i � � lR
t �

i
¬ �

c� i ����� x� � x� j
W � � 23�

and�
R � j
a �

c�  x� !�"$# R % j
a &

c� j
W ' . ( 24)

Using
Ú

theseapproximationswe arrive at the solution

c� j
W *,+

i - 1

N
§ .

j i
W R / i

¬ 0
c� i 132 c� 0

Z
,> 4 255

where� the prefactorsaregiven by

6
j i
W 7 1

l
t 8

j
a GÒ 9 x� ,> x� 0

Z : dx
Ù

0
Z dx
Ù ;

j i
< = >

j
a GÒ ? x� ,@ x� i A dx

Ù B
1 CED j i

< F ,@G
26H

andI the integralsare evaluatedover the interval J j
< KML x� :x� j

<N l
t
/2
  O

x� P x� j
< Q l

t
/2
  R

.
Next,
S

we applythemeanfield approximationdescribedin
Sec.
T

II A to this model.Let the averageconcentrationsin all
domains
U

wherethe first and secondelementarystepsof the
Schlo
T

¨glV mechanismare active be cW 1 andI cW 2 ,@ respectively.
We
X

obtainthe following systemof two algebraicequations:

cW 1 Y W11R
1 Z cW 1 [3\ W12R

2 ] cW 2
� ^3_ cW 0

Z
,@

cW 2 ` W22R
2
� a

cW 2 b3c W21R
1 d cW 1 e3f cW 0

Z
,@ g 27h

wherei
W11j 2

k
N
l m

i j
wn j i
< oqp

i
r ,1sqt j

a ,1 ,@
W22u 2

N
l v

i, j
< wn j i

< wqx
i
r ,2yqz j

a ,2 ,@
W12{ W21

� | 1

N
l }

i, j
< wn j i

< ~ 1 �E�q�
i
r , � j
a � . � 28

k �
Theseequationsarevalid for any reactionschemeprovided
it
�

canbe decomposedinto two elementarysteps.The infor-
mation� pertaininganyspecificcaseis containedin theGreen
functionandcW 0

Z
. We now evaluatetheprefactorswn j i

< for two
particular� casesin a finite domain: fixed concentrationsat
boundaries
�

andzero-fluxboundaries.

A.
�

Fixed concentrations at the boundaries

If cW (0)
� �

cW (
�
L)
� �

cW BO ,@ the Greenfunction is � 14�
D G
� �

x� ,@ x� 0
Z �3� � 1 � x� 0

Z /
 
L � x� if x� � x� 0

Z ,@
x� 0
Z � 1 � x� /

 
L
� �

if
�

x� � x� 0
Z .

For
�

this case,sinceG
�

(0
�

, x� 0
Z )�   0,

¡
we havecW 0

Z ¢
cW BO
� ,@ thecon-

centration£ at the boundaries.In general,cW BO is an externally
fixed parameter;however,if we set

cW BO ¤ cW 1

L ¥ x� N
¦

x� 1 § L
� ¨

x� N
¦ © cW N

¦ 1 ª L « x� N
¦

x� 1 ¬ L
� ­

x� N
¦ ,@
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the
°

systemhas periodic boundaryconditions. In this case
cW BO
� takes

°
the form of a weightedaverageof the concentra-

tions
°

of the last and the first domains,dependingon their
distances
U

to the boundaries,andis a consequenceof the lin-
earity± of the interdomainconcentrationprofile.

The
²

prefactorscanbe readily evaluated:

D w
�

j i
< ³ 1 ´ x� j

<
L

x� j
< lt µ l

t 2
6
¶ if

�
x� i · x� j

< ,@
1 ¸ x� i

L
� x� j

< lt if x� j
< ¹ x� i .

It can also be shownthat wn j i
< º wn i j . This expression,along

withi the equationfor the concentrationsat the boundaries
andI the positionsof the N

l
domains,
U »

the
°

setof valuesof the
N x
l

i)
�

allows the calculationof all cW j
< from
¼

a setof N
l

simul-½
taneous
°

equations.

B. Zero-flux boundary conditions

Physically,
¾

zero-flux boundaryconditionscorrespondto
anI isolatedsystem,thus, for a stationarystatesolution to
exist± the net productionof material in the systemmust be
zero. Mathematically this is representedby the so-called
Fredholm
�

alternative.In order for a solution to exist it is
necessary¿ that

ÀÂÁ
cW Ã x� Ä�ÅÇÆ 0,

¡
wherei the integral is takenover the entiremedium.We can
follow the procedureof the previous section if we use a
modifiedGreenfunction È 14É which,i apartfrom an additive
constant,£ hasthe form

D GmÊ Ë x� ,@ x� 0
Z Ì3Í

x� 2 Î x� 0
Z2

2
k

L
� Ï x� 0

Z if x� Ð x� 0
Z ,@

x� 2
� Ñ

x� 0
Z2

2
k

L
� Ò x� if x� Ó x� 0

Z .

This form satisfiesthe boundaryconditions

dc
Ô
dx
Ô Õ 0¡ Ö3× dc

Ô
dx
Ô Ø L� Ù3Ú 0.

¡
After performingthe requiredintegrationsandsubjectto the
same½ approximationswe arrive at

D w
�

j i
< Û

l
t 3à

12L
� Ü l

t 2�
6
¶ Ý 1 Þ x� j

<
L
� x� j

< lt if
�

x� i ß x� j
< ,@

l
t
L
� l

t 2�
24
k à x� j

<2
2
k á 1 â x� i

2
k

L
� if x� j

< ã x� i ,@
withi wn j i

< ä wn i j . If we substitutetheseresultsinto Eq. å 25
k æ

,@
the
°

resultingequationmaynot naturallysatisfytheFredholm
condition,£ unlesscW 0

Z
,@ which arisesfrom theadditiveconstant

in
�

the Greenfunction, is suitablychosen.
To determinethe appropriatevalue of cW 0

Z
wei sum Eqs.ç

25
k è

to
°

obtain

é
j
< cW j

< êÂë
i, j
< wn j i

< R ì i
r í

cW i î3ï Nc
l 0

Z
.

If
ð

in this equationwe set

cW 0
Z ñ 1

N
l ò

j
< cW j

< óõô
i

R ö i
r ÷

cW i ø ù
j
< wn jk

< úõû
j
< wn j i

< ,@ ü 29ý
wei arrive at the desiredcondition

þ
i

R
ÿ �

i
r �

cW i ��� 0.
�

As anexample,if we applyEq. � 29� to
°

calculatethevalueof
cW 0
Z

in
�

Eq. � 27
k 	

wei obtain

cW 0
Z 
 1

2
�
cW 1 � cW 2

� 
�� R2 � cW 2
� ��� W11� W22

� � .
In
ð

theaboveexpressionsfor bothboundaryconditionsthe�
j i
< factors embody all geometricalinformation about the

distribution
U

and sizesof the reactivedomains.The param-
eters± characterizingthe intrinsic reactionkinetics residein
the
°

R
ÿ �

i
r
(
�
cW i).
�
IV. RESULTS FOR SCHLÖGL

�
MODEL

The
�

behaviorof this model in a homogeneousmediumis
welli known. The stationarystatescan be found from the
equation±

k
� �

2cW 3
à �

k
�

2bc
£ 2
� �

k
� �

1cW  k
�

1a� ! 0,
� "

30
# $

or% usingscaledconcentrationvariablescW & x� ' k
�

1a� /
 
k
�

2
� b£ ,@ from( x� 3

à )
x� 2 *,+ x� - 1 . 0,

�
where

/10 k
� 2

2

k
�

1a� k
�

1a�
k
�

2b
£ 3/2
à

,@ 354 k
� 6

1

k
�

1a� k
�

1a�
k
�

2b
£ 1/2

.

The cusp-shapedbistability region in the 7 -8 parameter�
plane� is shownin Fig. 2.

We
X

investigatethe effect of the sizesand distribution of
the
°

reactivedomainson the natureof the stationarystates.
We
X

assumethat the SchlöglV reactionoccurson a substrate
consisting£ of a collection of domainsof types 1 and 2 of
length
9

l
t
: only the first reactionstepcanoccuron type-1do-

mains while type-2 domains support the secondreaction
step.½

A.
:

Two-domain case

Simple
T

analyticalresultscanbeobtainedfor a mediumof
size½ L

�
withi onetype-1domaincenteredat x� 1 ; L

�
/4
 

andone
type-2
°

domaincenteredat x� 2
� < 3
#

L
�

/4.
 

Thus,thedistributionis
completely£ definedby thevaluesof l

t
andI L

�
or,% alternatively,

by
�

l
t

andI d
Ô =

x� 2
� > x� 1 .

Setting
T

cW 0
Z ?

(
�
cW 1 @ cW 2)

�
/2, from Eq. A 25B wei arrive at

R
ÿ 1 C cW 1 D�E R

ÿ 2 F cW 2
� G�H 0,

� I
31
# J
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1

2
M NPO Rÿ 1 Q cW 1 R�S R

ÿ 2
� T

cW 2 UWVYX cW 1 Z cW 2 ,[
wherei R

ÿ 1 andI R
ÿ 2 areI givenby Eq. \ 20

M ]
. This setof equations

is
�

valid for both fixed-concentrationandzero-fluxboundary
conditions£ ^ BC_ withi

`ba
6
c

D

3
#

dl
Ô d

2
M

l
t 2 ,[ fixed-concentrationBC,

24dD
Ô

l
t e

24d
Ô 2
� f

l
t 2� g 8

h
dl
Ô i ,[ zero-flux BC.

Notice
S

that j ,[ which is proportionalto D
k

,[ incorporatesall
of% the nonkineticparametersof the system,including all the
parameters� thatdescribethespatialcharacteristicsof theme-
dium.
U

In theseequationsl
t l

d
Ô

,[ sincewe areonly concerned
withi nonoverlappingdomains.

Thesolutionof theseequationsfor theSchlöglV modelcan
be
�

found easily.We obtain

cW 1 m
n cW 2 o k

�
1a�prq k

� s
1

,[
andt cW 2

� is
�

the root of

k
� u

2cW 2
�3à v k
�

2bc
£

2
�2 w x k

� y
1zr{ k

� |
1

cW 2 }
~ k
�

1a��r� k
� �

1 � 0.
� �

32
# �

This
�

equationhasexactly the sameform as Eq. � 30
# �

for
�

a
simple� homogeneoussubstrate, except for the factor� k
� �

1 /(
  �b�

k
� �

1)
�

in thetermslinearandindependentof c� 2
� . If

the
�

polynomial for c� 2 is cast in the form � s� x� 3
à �

x� 2
� ���

s� x�� 1 � 0,
�

the coefficientsaregiven by

�
s� ��� �

�b� k
� �

1
,[ � s�  �¡ ¢

¢b£ k
� ¤

1
.

Thus,
�

if the reactionoccursin compartmentalizeddomains
the
�

steadystatescanbe relatedto thosefor a homogeneous

mediumthrougha rescalingof the kinetic parameters¥ andt¦
by
§

the factor ¨ © /(
  ªb«

k
� ¬

1)
� ­

1. This factor tendsto 1 as
D
k ®°¯

.
We
±

havecomparedtheseanalyticalresultsto resultsfrom
numerical solutions of the reaction-diffusionequation for
several� casesand found excellentagreement.We havecon-
structed� bifurcationdiagramsusing the diffusion coefficient
D
k

ast the control parameter² keeping
³

the other parameters
constant´ µ . If the kinetic parametersare chosenso that the
system� is bistablefor a homogeneousmedium,thefollowing
behavior
§

is observed:for high valuesof the diffusion con-
stant� the systemexhibitsbistability; for low valuesthereex-
ists only onesolution.The bifurcationoccursat someinter-
mediate¶ D

k
* ,[ which can be predicted from Eq. · 32

# ¸
. A

comparison´ of the analyticaland the numericalsolutionsis
shown� in Fig. 3.

B. Regular and random distributions of N
¹

domains
º

An interesting special case is a system with periodic
boundary
§

conditions where the N
»

reactive¼ domains are
placed½ regularlysuchthat thedistancebetweenanyadjacent
pair½ is thesamethroughoutthemedium.Physicallythis situ-
ationt may be realizedin a reactivemediumin the form of a
thin
�

ring, largeenoughsocurvatureeffectscanbeneglected.
The
�

behavior for this reactive domain distribution can be
determined
¾

from that in a unit cell with two domains,similar
to
�

that describedin the previoussectionfor fixed concentra-
tion
�

boundaryconditions,by taking c� BO ¿ (
�
c� 1 À c� 2)

�
/2.

For sucha regulardomaindistribution the equationsfor
the
�

zero-flux casealso take a simple form sincein this cir-
cumstance´ Eq. Á 29Â reducesto c� 0

Z Ã (
�
c� 1 Ä c� 2)/

�
2Å c� BO due

¾
to

the
�

symmetryof thedistribution.For anyparticulardistribu-
tion
�

of reactivedomainsthe averageconcentrationin each
domain
¾

canbe obtainedby solving the systemof equations

FIG.
Æ

2. Phasediagramfor the homogeneousSchlöglÇ model in
the spaceof reducedparametersÈ and É ,Ê showingthe regionsof
bistability Ë bsÌ and monostablestates Í msÎ . The cusp point is lo-
catedat Ï cÐ Ñ 3

Ò 1/2/9
Ó

and Ô cÐ Õ 3
Ò 1/2.

FIG. 3. Bifurcation diagramfor the SchlöglÇ model for a com-
partmentalizedone-dimensionalmedium.Solid lines representthe
solution from Eq. Ö 31× .Ø Stars are numerical solutions of the
reaction-diffusionequation.The ordinateis the concentrationaver-
aged over the entire medium. The kinetic parametersare k Ù 1Ú 0.014,k1a Û 0.001,8/3k2b Ü 0.095,16k Ý 2 Þ 0.24 andcorrespond
to a point in the bistableregion of the homogeneoussystem.The
dottedline representsthe unstablestate.
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â
25
M ã

. The geometricdata defining the distribution is con-
tained
�

in the prefactorswä j i
å . Furthermore,sinceno chemical

reaction¼ occurs in the parts of the medium separatingthe
reactive¼ domainstheinterdomainconcentrationprofile is lin-
earæ to a goodapproximation.In this mannera concentration
profile½ can be reconstructedfor the spatially extendedme-
dium
¾

and comparedto resultsfrom numericalsolutionsof
the
�

reaction-diffusionequation.Such a comparisonis pre-
sented� in Figs. 4 and5 in the bistableregimefor fixed con-
centration´ andzero-fluxBC, respectively.The analyticalso-
lutions
ç

capturethegrossfeaturesof both themonostableand
bistable
§

regimesbut theconcentrationprofilesdiffer in detail
since� the reactivedomainsize is not much greaterthan the
diffusion
¾

lengthandtheanalyticalsolutioncontainsinforma-
tion
�

only aboutthe averageconcentrationwithin eachof the
domains.
¾

If the numberof reactivedomainsis large and the do-
mainsarerandomlydistributedonemustsolvea largesetof
coupled´ equations.In this circumstancethe mean-fieldap-
proximation,½ Eq. è 14é ,[ providesa meansto study the bifur-
cation´ structure.As an illustrationwe haveconsidereda sys-

tem
�

of sizeL ê 1000with N
» ë

50
ì

andl
í î

10. Sincethemean-
field
ï

approximation is expected to be valid only in a
statistical� senseand not for any particular realization we
havecalculatedthe averageconcentrationsover 10 realiza-
tions
�

of the distributionof reactivedomains.Figure6 com-
pares½ the mean field and simulation results for periodic
boundary
§

conditions.Similar resultswereobtainedfor zero-
flux boundaryconditions.

The resultsshow that mean-fieldtheory is able to accu-
rately¼ reproducethebifurcationdiagramobtainedfrom simu-
lations
ç

averagedover realizationsof thedistributionof reac-
tive
�

sites.Theresultsalsoshowthat if thekinetic parameters
aret fixed sothatthehomogeneoussystemis bistable,thenfor
anyt distributionof reactivedomainsthereis a critical diffu-
sion� constantD* abovet which bistability is observed.Below
D
k

* onlyð the high concentrationsolutionexists.
Theeffectof the lengthof thedomainsl

í
andt of the inter-

domain
¾

distanced
Ô

can´ be elucidatedby examiningEq. ñ 32
# ò

andt the definition of ó ; ô decreases
¾

monotonicallywith d
Ô

and,t thus, increasingd
Ô

has
õ

an effect qualitativelysimilar to
that
�

of decreasingD. As a consequence,the systemcanun-
dergo
¾

a bifurcation by changingthe separationof the do-
mains.¶

If
ö

the domain size is large comparedto the diffusion
lengththe interiorsof thedomainswill beeffectivelydecou-
pled½ from the restof the systemandhighervaluesof D will÷

FIG.
Æ

4. Bistableregime.Solid line: reconstructedconcentration
profile calculatedfrom Eqs. ø 25ù withú periodicboundaryconditions.
Crosses:numericalsolution of the reaction-diffusionequation. û aü
High concentrationsolution, ý bþ ÿ low

�
concentrationsolution. The

mediumin this casehasfour reactivedomains� two type-1andtwo
type-2� of� length l � 20 with centersat x� i

� � 20, 60, 100, 140. All
kinetic parametersarethe sameas in Fig. 3.

FIG. 5. Bistableregime.Solid line: reconstructedconcentration
profile calculatedfrom Eqs. � 25

	 

withú zero-flux boundarycondi-

tions. Crosses:numericalsolution of the reaction-diffusionequa-
tion. � a� 
 High concentrationsolution, � b� low concentrationsolu-
tion. The mediumandkinetic parametersarethe sameas in Fig. 4.
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be
§

requiredto observebistability. Thus, the systemunder-
goes� a bifurcation from bistability to monostabilityas l

í
is

increased.
�

However,if the inter-domaindistanceis keptcon-
stant� as l

í
is
�

increased,effectively the domainsget closerto
eachæ other and this could lead again to bistability as l

í
/
 
d
Ô

� 1. This behaviorof thestationarystateis supportedby our
modelandhasbeenconfirmedby numericalsimulations.Al-
though
�

theseresultswere obtainedfor the Schlögl� mecha-
nism� similar conclusionsapplyto a generalchemicalsystem.

A featureof this studyis thepossibilityof inducingbista-
bility
§

from compartmentalizationin a rangeof kinetic pa-
rameters¼ for which the homogeneoussystemis monostable.
This
�

is illustratedby point A
w

ofð Fig. 7. We haveshownthat
for a regulardistribution of reactivedomainsthe compart-
mentalizationof themediumis equivalentto a contractionof

kinetic parameters.For infinite diffusion, for any given sub-
strate,� the contractionfactor � � /(

  ���
k
� �

1)
�

is equalto 1 and
we÷ recoverthehomogeneoussubstratecase:point A. As dif-
fusion
�

is decreased,or equivalentlyasl
í
is
�

increased,thestate
ofð the systemis found on the line connectingpoint A

�
with÷

the
�

origin. First, the systemwill undergoa bifurcation to
bistability
§

at point B,[ andfinally, at point C,[ it will become
monostable¶ again.Figure 8 showsthe bifurcation diagram
under� such circumstances.The range of values of � for

�
which÷ bistability existscanbecalculatedfrom thedefinitions
ofð � andt � .

It
ö

is also clear from Fig. 7, that systemslocatedin the
quadrant defined by !#"%$ c& andt ')(+*

c& will÷ remain
monostablesincevariationsof , will÷ not causethesystemto
enteræ the cuspbistableregion.

V.
-

DISCUSSION

The
�

resultsin this papershow that there is a nontrivial
interplay
�

betweenthe diffusion processandcompartmental-
ized reactiondynamics.For sufficiently largediffusion con-
stants� the behavior of the systemdependsweakly on the
spatial� characteristicsof the mediumsincediffusion is able
to
�

homogeneizethe concentrationfield amongthe reactive
domains.
¾

In this limit thecompartmentalizedsystembehaves
like a homogeneoussystem.For lower valuesof the diffu-
sion� coefficient or larger reactive domains,concentration
gradients� begin to form and lead to behaviorqualitatively
different
¾

from that of the homogeneoussystem.Finally, in
the
�

limit of very low diffusion eachdomain acts indepen-
dently
¾

and the concentrationsattain valuescharacteristicof
the
�

steadystatesdeterminedby reactionstepswhich take
place½ on the domains.

We
±

haveconsideredonly a few of the possibilitieseven
for
�

the rathersimpleSchlögl� model.For example,onemay
alsot studysituationswhereboth reactionstepsoccuron the
same� reactivedomain.In sucha case,for D

k .
0,
�

eachdomain

FIG. 6. Bifurcation diagramconstructedfrom an averageover
tenrealizationsof thedistributionof reactivedomainswith periodic
boundaryconditions.Solid lines: resultsfrom Eqs. / 27

	 0
.Ø Crosses:

numericalsolutionof the reaction-diffusionequation.The ordinate
is the concentrationaveragedover the entire mediumand realiza-
tions.All kinetic parametersarethe sameas in Fig. 3.

FIG. 7. Phasediagramfor the Schlögl model.At infinite diffu-
sion the inhomogeneousmediumcaseis equivalentto thehomoge-
neouscase.As 1 is

2
decreased3 by

þ
decreasingD

4
or� increasingl5 the

systemmoveson the straight line toward the origin; it becomes
bistableat B and� againmonostableat C.

FIG. 8. Bifurcationdiagramcorrespondingto a systemwhich is
at point A

6
for thehomogeneousmedium.At high diffusion 7 high

8 9;:
it is monostable;at intermediateD it becomesbistableand again
monostableat low valuesof D < low =;> . ? c@ is the concentration
averagedover the entiremedium.All parametersas in Fig. 3 with
k A 1 B 0.024.Dottedline is the unstablestate.
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can´ attain a steadystateconcentrationindependentof the
otherð domains. If the kinetic parameterslie within the
bistable
§

regime,the compartmentalizedsystemwill exhibit
several� solutionscorrespondingto all posiblecombinations
ofð the two stablesteadystatesolutions.WhenD

k E
0
�

but suf-
ficiently
ï

small,or interdomaindistanceis large,a largevari-
etyæ of inhomogeneoussolutionswith different domainsin
different
¾

stablestatesarefound to persist.Similar situations
ariset if the domainssupportonly certainreactionsteps.For
example,æ supposeonehasa sequenceof domainswherethe
two
�

stepsof the reactionmechanismalternatefrom onedo-
main to the next but the distanceof a domain to its right
neighbor� is muchgreaterthat to its left neighbor.On a large
scales� this distributionis equivalentto that of a sequenceof

domains
¾

that supportboth reactionstepsseparatedby large
interdomaindistances.

The
�

methodologydevelopedhereis not restrictedto time-
independent
�

states.In this context,Eq. F 6c G provides½ a means
to
�

studytheeffectof compartmentalizationon theproperties
ofð oscillatory or chaoticsystemsin one or more spatialdi-
mensions.¶ Onemay considerapplicationsto specificallyde-
signed� arraysof catalyticsitesto probereactionmechanisms
orð to study how aspectsof the reactionmechanismaffect
chaotic´ synchronizationprocessesH 15I .
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