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Compartmentalized reaction-diffusion systems
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Reaction-diffusiorsystemsconsistingof a collection of reactivedomainsseparatedy chemicallyinactive
regions are considered.The reactive dynamicsis governedby a multistep reaction mechanismand each
reactivedomainis specificto a particular elementarystep or collection of elementarystepsof the global
reactionmechanismFar-from-equilibriumsituationswherethe global kineticscangive rise to complexstates
suchasbistability or oscillationsarestudied. A generaimethodfor the calculationof the averageconcentration
on eachreactivedomainis presentedThe effectsof compartmentalizatiomre illustrated by a study of the
influenceof diffusion, reactivedomainsize,anddomaindistributionon the natureof the stationarystatesof the
Schlgyl model. Compartmentalizatiosandrive the systeminto andout of the bistableregimeof this reactive

system.
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I. INTRODUCTION

If a chemical reaction comprising several elementary
stepstakesplacein a mediumwherethe reactingspeciesare
uniformly dispersedn scaleswhich are small comparedo
the diffusion length,oneexpectshe massactionratelawsto
describethe dynamicsof the chemicalconcentrationslf in-
steadthe systemis inhomogeneousand eachelementaryre-
action step, or subsetof elementarysteps,takesplacein a
specific spatial region of the medium, modificationsof the
reactiondynamicsmay appear.Suchcompartmentalizede-
actionkineticscanarisefrom aninhomogeneoudistribution
of specific catalytic domains[1]; in biological contextsit
might occur when reactionstake place only in specialized
organellesn the cell [2].

Somelimiting caseswill serveto illustrate the effectsof
compartmentalizationSupposethe domains that catalyze
specific reactionstepsare finely dispersedin this circum-
stancethe reactivedomainsin small coarsegrainedregions
of the systemwill be coupledstronglyby diffusion. All steps
of the reactionmechanismwill contributeandthe dynamics
will be describedby the global reactionmechanismNext,
considerthe casewherethe domainsare large comparedo
the diffusion length in the system.In the interior of each
catalyticdomainonewill observebehaviorcorrespondindo
the particularstepof the reactionmechanisnthattakesplace
on the domainbut the domainsthemselveswill be coupled
by diffusion. We investigatehow reactivedynamicschanges
from that describedocally by specificreactionstepsto glo-
bal behaviorinvolving the full reactionmechanism.

Interestingsituationsmay arisein autocatalyticreactions
carriedout underfar from equilibriumconditionswhich have
beenstudiedextensively]3]. The effectsof inhomogeneities
have beenthe topics of recentinvestigationsFor example,
inhomogeneouslumination of the light-sensitiveBelousov-
Zhabatinskyreactioncan causecertainstepsof the reaction
mechanisnto occur at different ratesinducing variable ex-
citability in the medium [4,5]. Complexationreactionsof
starcharebelievedto play arole in Turing patternformation
in the chlorite-iodide-malonicacid reaction[6] and the ef-
fects of inhomogeneouslistributionsof complexingagents
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on Turing patternformation havebeeninvestigated 7].

Effects of compartmentalizatiorof the reaction mecha-
nism on the qualitative dynamicsof a systemcomposedof
reactive domainshave beenstudiedin the earlier [8]. For
instancejt hasbeenshownthat changesn reactivedomain
separationcan alter the stability of the steadystate[9] and
caninfluencethe oscillatorydynamicsof the system[10,11].

We considethow compartmentalizeteactionkineticscan
influencethe behaviorof reactionsoccurringunderfar from
equilibrium conditionswherecomplexkineticsmay give rise
to multiple steadystatespscillationsandchaosIn Sec.ll we
presenta generalformulationof this problemandshowhow
onemay obtaina setof coupledequationdor the meancon-
centrationson eachdomain.We examineregularand disor-
dered distributions of domains.A specific model reaction
mechanismthe Schiayl model[12], is consideredn Sec.llI.
The reactionmechanisnfor this modelconsistsof two steps
and we supposethat the reactionscorrespondingto these
steps occur in distinct spatial domains. Under far-from-
equilibrium conditionsthe systemmay exhibit bistability in
appropriateparameteranges We showhow the steadystate
bifurcation structureis modified as a resultof compartmen-
talizedreactionkinetics. The calculationsare carriedout for
variousdistributionsof catalyticsitesandfor variousbound-
ary conditions.The conclusionf the studyalongwith com-
mentson othertypesof compartmentalizedeactiondynam-
ics are presentedn Sec.V.

II. COMPARTMENTALIZED CHEMICAL REACTIONS

We considera systemwith m chemicallyreactivespecies
wherethe overall reactionmechanisntonsistsof n elemen-
tary steps

m ka m
> riXe= > T (@=1,...n). (1)
k=1 k_ak:]-

Here X, (k=1, ...,m) arethe m chemicalspecies,y; and

vy arethe stoichiometriccoefficientsfor reactionstepa, and
theforwardandreverserateconstantdor this steparek, and
k_,, respectively.
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FIG. 1. A schematidllustration of a one-dimensionaimedium
showingreactivedomainscenteredat x; wherereactionsR“i take
place. The systemlength is L while the reactive domainshave
lengthl.

Thereactionis assumedo take placein ans-dimensional
medium consistingof N reactivedomainscenteredat r; (i
=1,...,N), on which reactionscorrespondingto one or
somesubsetof the elementarystepsof the mechanisntake
place.We denoteby (}; theregionof spaceoccupiedby the
reactive domain i. We supposethat reactionsoccur only
within thesedomainsandthatchemicalspeciedreely diffuse
throughoutthe medium. One may considerother situations
where reactionsalso occur outside specific catalytic states
[13]. A schematidllustration of suchmediumfor one space
dimensionis shownin Fig. 1.

Sucha systemis describedby a reaction-diffusionequa-
tion

ac(r,t)
at

=DV2¢(r,t)+R[c(r,t)], (2

subjectto appropriateboundaryand initial conditions.Here
c(r,t)={c\(r,t)} is the vector of local concentrationsor
speciesX={X,} attimet, D is the diffusion coefficientma-
trix assumedto be constantand diagonal and R[c(r,t)]
={Ry[c(r,t)]} is the vector of reactionrateswhose ele-
mentscanbe written as

N
Ro(r ]=2, RI“Ie(r,)]04(r). 3)

In this equationR{k“i} is the reactionratefor speciesk corre-
spondingto the elementarysteps{ «;} thatoccurin domaini
and O,(r) is a characteristidunction which is unity within
domaini andzerootherwise,

1 if reQy,
0 otherwise.

®i(r):[
The formal solutionof Eq. (2) is [14]
0= | G160 Birod,
t
+f0f G(r,t;rg,tg) Ryl c(rg,tg) ]d5rdt,

t
+Dkfo § [G(r.t;ro.to) Vi Cil(roto)

—Ck(ro.to) Vi G(r.tiro,to)]-AdSedty,  (4)
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where G(r,t;rq,tg) is the time-dependenGreen function,
¢(r) is theinitial condition, f is the unit vector normalto
the boundarysurfaceof the system,anddS; is a differential
elementof the surfaceareaof the system.The first termin
this equationrepresentshe effect of the initial conditionon
the solutionandthe secondterm containsthe reactionrates.
The third term accountsfor the effect of the boundarycon-
ditions on the solution. The third term vanishesif the con-
centrationsor their gradientsat the boundaryare prescribed
to be zero.

The solutionof Eq. (4) is difficult to obtainin the general
case.To study the bifurcation structureand to simplify the
analysis,nsteadof computingthe concentratiorfields at ar-
bitrary spacepoints, we focus on the reactivedomainsand
constructa setof equationghat showhow the dynamicson
the variousdomainsis coupledthroughdiffusion. For each
reactivedomainj, we considerthe concentratiorfield aver-
agedover the domain,

1 S
Ck,j(t):vjf c(r,t)O;(r)d°r, (5

whereV; is the volume of domainj. The volume averageof
Eq. (4) leadsto

N
ck’j(t)=lﬁj+§i: IR, +DulE;, (6)
where

1
I‘k”,jzv—jffG(r,t;r0,0)¢k(r0)®j(r)d5rod5r, (7)

1 [t
IE,j:vijf ﬂg [G(r.t;ro,to) Vi Cilro,to)
—C(o,to) Vi G(r,t;10,t0)]- NO;(r)dSed°rdty,
(8)

N 1 t .
1§ & [ f et
X[c(rg,t0)10i(ro)®;(r)drodrdty. (9)

We haveusedEg. (3) in orderthe obtainthe form of the
reaction contribution in Eq. (9). If the Greenfunction is
known, integrals(7) and (8) involve only known quantities
and can be calculated We concentrateon the reactiveterm
(9). Theintegralsin this term canbeinterpretedasthe effect
of the reactionswithin domaini on the meanconcentration
in domainj. Exactcalculationof thesetermsis in generaiot
possible.However,if domaini is distantfrom domainj, we
maycomputel,fji for j #i by expandingthe reactionratein
domaini in a multipole expansion
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(o} o L[ o
R [c(r,t)]@)i(r)zzoﬁ dsrr

><Rf(“i}[c(r,t)](@i(r)}@'v'6(r—ri),

where @' signifies| tensorcontractions.For widely sepa-
rateddomainswe mayretainonly themonopoleterm| =0 in
the abovesumto obtain

RI“Ic(r,1)10(r)~

deer(ai}[c(r,t)](@i(r)}
Xo(r—r;y) (refl;).

In generalthe reactionrateswill be nonlinearfunctions of
the concentratiorfields so the volume averagewill be diffi-
cult to computeexactly.If we neglectthe spatialstructureof
the concentratiorfield over a domainwe may write

RTer,010i(N=ViRG(0]8(r—r). (10
In this approximationthe termsfor j#i simply involve the
computationof the volume averageof the Greenfunction
over domainj evaluatedat the location of the centerof do-
main i, a quantitywhich is easily computedoncethe Green
functionis known.

The diagonaltermsi = in Eq. (9) involve diffusive cou-
pling of spatialpointswithin a singledomainandthe multi-
pole expansioncannotbe used.However,asin the caseof
the off-diagonalterms,we may still approximatehereaction
rate within a domainby its value at the meanconcentration
within the domainso that

RTe(r,0]1=R (1], (1)
which neglectsreactive correlationswithin a domain. The
diagonaltermstheninvolve the doubleintegral of the Green
functionoverdomainj, a quantitywhich is againeasilycom-
putedif the Greenfunctionis known.

Using theseapproximationsEqg. (6) becomes

5w [0 o}
Ck,j(t):|fffk+ Dyl k,j+§i: fowk,ji(tato)Rk "ci(to)dto.
(12

The prefactorsw, j; aregiven by
1
wk,ji(tyto):_JJ G(r,t;rg,tg)dr od% &
7 0,

+f G(r,t;ri,to)dsr(l_él‘i). (13)
R

Equation (12), togetherwith Egs. (7), (8), and (13), have
recastthe original reaction-diffusionprobleminto the form
of a systemof NXm integral equations.The complexity of
this setof equationswill dependon the numberof domains
andtheir spatialconfigurationsWe shall explorethe validity
of this reductionin the sequelhowever beforedoingthis we
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may constructa further approximatesolution which will al-
low oneto considercomplicatedconfigurationsof reactive
domains.

Mean-field approximation. As a further simplification,
particularly usefulwhenthe numberof domainsis largeand
randomlydistributed,one can sumover all like domainsto
obtaintheir meanconcentrations,e., ¢y ;= Chfarp} for all do-

mainsin which the setof {«,} elementarystepstake place.
We obtaina systemof nX m equations

n
t
Cr fapy = Wit 321 JOW{ap},{as}(t,to) Ri“[ ¢y o(to) 1dto,
(14

with

N

N
n
_ M) B
W= Z 'k,i5{ai},{ap}+Dkzi leiOapdag | (19

N

n
W{ap},{as}:NiEJ @i ji(t80) Oty fap) Ofahfag - (16)

Such a descriptionwill be useful if we are not concerned
with the details of the concentratiorfields for any specific
configurationof reactivedomainsbut only the behaviorof

like domainswhenaveragedver realizationsof the random
distribution. The descriptionwill also be usefulif thereare
symmetrieghatfix the concentration®f like domainsto be

identical. Equations(12) and(14) will form the basisfor the

analysispresentedn the following sections.

I11. AN EXAMPLE: SCHLOGL MODEL

As anillustration of the aboveformalismwe considerthe
Schlagl model[12]

B+2X=3X
)

(17)

in a one-dimensionamedium consistingof N reactivedo-
mainsof lengthl centeredat positionsx; .

In thiscasen=2, «;=1,2,fori=1, ... ,N. Furthermore,
if A and B are pool specieswhoseconcentrationsre con-
stant,thereis only onereactivespeciesandwe candrop the
index k. Dependingon the choiceof kinetic parametersthe
Schiagyl modelpossessesithera singlestablesteadystateor
bistable steady states. To investigate such stable states
we considerthe time-independenform of Eqg. (2) in one
dimension
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Fe(x)
D— 2z =~RlcX)],

(18)
which supportskinklike solutionsseparatinghe two stable
homogeneoustatesif R representshe reactionrate for the
full mechanism(17). Instead,if we considerthe compart-
mentalizedinhomogeneousorm of the Schiggl reaction-
diffusion system different typesof behaviorare possible.If
D is small or the reactivedomainsare large, eachdomain
will tendto reachthe equilibrium concentratiorcorrespond-
ing to the particular step of the reactionmechanismtaking
placein it. For example,type-1 domains,correspondingo
the first step of mechanism(17), will tendto c;=kja/k_;
while the type-2 domainswill havec,=k,b/k_,. AsD in-
creaser the domain size becomessmall the systemwill
tendto the bistablevaluesof the homogeneousystem.We
now studythis situationin detail.

For zero-flux boundary conditions or for c(0)=c(L)
=0, the third term of Eq. (4) vanishesand I]-B=O. If ¢c(0)
=c(L)+#0 this termreducesgo a constanwhich we call c°.
Also, for one spatial dimensionthe characteristicfunction
®;(r) is the Heavisidefunction H(1/2—|xo—X;|). Thus,the
formal solution, Eq. (4) reducesto

dxo+cP.

(19

I
c00= [ B0 S Raic<x0>H(5—|xo—xi|

The reactionratescorrespondingo the mechanism(17)
are

Ri[c(x)]=ka—k_1c(x),
R?[c(x)]=kzbe(x)?—k_zc(x)°, (20)
wherea and b are the constantconcentration®f speciesA

and B, respectively.
Integrationover any particulardomainj yields

1 I
o=13 [ [ torictom| 5-b-xi|

|
XH| 5= |Xo—X;| |dxodx+cP, (21
which we rewrite in the form

1#]

Since the first step of the Schiggl model is linear in the
concentratiorof speciesX, the volume averageof this reac-
tion rateinvolvesno approximation Equationg10) and(11)
takethe form

R c(X)]H =IR(c))6(x—x%;) (23

|
§_|X0_Xi|

PHYSICAL REVIEW E 63 016211

and

R[c(x)]=Ri(c;). (24)

Using theseapproximationsve arrive at the solution
N

Cj:E a)jiRai(Ci)+CO,

(25

wherethe prefactorsare given by

1
wji:l_f fQjG(x,xo)dxodxﬁjﬁ fQjG(x,xi)dx(l— i),
(26)

andthe integralsare evaluatedover the interval (};={X:X;
—12=x=<x;+1/2}.

Next, we applythe meanfield approximationdescribedn
Sec.ll A to this model.Let the averageconcentrationgn all
domainswherethe first and secondelementarystepsof the
Schiaggl mechanismare active be ¢; and c,, respectively.
We obtainthe following systemof two algebraicequations:

¢ =WyR(cq) + WR?(c,) +¢2,

02: W22R2(C2) + WZlRl(Cl) + CO s (27)
where
2
Wll= N % Wji 5ai ,15411-,1 '
2
Wao=y IE] WjiOa;,200;,2,
1
Wip= W= 20 Wii(1= 84, - (28

Theseequationsarevalid for any reactionschemeprovided
it canbe decomposednto two elementarysteps.The infor-
mationpertainingany specificcaseis containedn the Green
functionandc®. We now evaluatethe prefactorsw;; for two
particular casesin a finite domain: fixed concentrationsat
boundariesand zero-fluxboundaries.

A. Fixed concentrations at the boundaries
If c(0)=c(L)=cpo, the Greenfunctionis [14]
(1—xg/L)X
Xo(1—x/L)

if X<Xg,

b G(X'XO):[ if x=Xo.

For this case sinceG(0, x,) =0, we havec®=cg, the con-
centrationat the boundariesin generalcgg is an externally
fixed parameterhowever,if we set

L_XN 1
Cgo=Ci————— +Cy| 1—
BO 1X1+L_XN N

L_XN
X1+L_XN '
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the systemhas periodic boundaryconditions.In this case
Cgo takesthe form of a weightedaverageof the concentra-
tions of the last and the first domains,dependingon their
distancedo the boundariesandis a consequencef thelin-
earity of the interdomainconcentratiorprofile.

The prefactorscan be readily evaluated:

Xj
(1‘r

-2
L

It canalso be shownthat wj;=w;; . This expressionalong
with the equationfor the concentrationsat the boundaries
andthe positionsof the N domains,(the setof valuesof the
N x;) allows the calculationof all ¢; from a setof N simul-
taneousequations.

2

le_—

6 if Xi:Xj,

DWji:

Xl if Xx;<x;.

B. Zero-flux boundary conditions

Physically, zero-flux boundaryconditions correspondto
an isolated system,thus, for a stationarystate solution to
exist the net productionof materialin the systemmust be
zero. Mathematically this is representedby the so-called
Fredholmalternative.In order for a solution to exist it is
necessaryhat

| mreor-o,

wherethe integralis takenover the entire medium.We can
follow the procedureof the previoussectionif we use a
modified Greenfunction[14] which, apartfrom an additive
constanthasthe form

2.2
X“+X§ .
— if X<Xgq,
oL Xo 0
D G, (X,Xg)=
e x2+x§ if x=x
2L X = 0.

This form satisfiesthe boundaryconditions
dc 0)= dc L)=0
x(O= g (L=0.

After performingthe requiredintegrationsandsubjectto the
sameapproximationsve arrive at

] X | if Xi:Xj,

1— i) if x;<x,

|2 xj2
- 2L

E(z—f?

with wj;=w;; . If we substitutetheseresultsinto Eq. (25),
theresultingequationmay not naturallysatisfythe Fredholm
condition,unlessc®, which arisesfrom the additive constant
in the Greenfunction, is suitablychosen.

To determinethe appropriatevalue of c® we sum Egs.
(25) to obtain
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2 CIZE WjiRai(Ci)Jﬂ'NCO.
J 1)

If in this equationwe set
0 1 a;
Cc :Nz Cj+2| R '(Ci) 2 WJk_; Wji , (29)
we arrive at the desiredcondition
Z R%(c;)=0.

As anexamplejf we apply Eq. (29) to calculatethe valueof
c® in Eq. (27) we obtain

1
CO:E(%*‘ C2) + R%(Co) (Wyy—Way).

In the aboveexpressionor both boundaryconditionsthe
w;; factors embodyall geometricalinformation about the
distribution and sizesof the reactivedomains.The param-
eterscharacterizingthe intrinsic reactionkinetics residein
the R%i(c;).

IV. RESULTS FOR SCHLOGL MODEL

The behaviorof this modelin a homogeneoumediumis
well known. The stationary statescan be found from the
equation

k,ZC?’—kszZ-f- k,lc—klaZO, (30)

or usingscaledconcentrationvariablesc = x+/k;a/k,b, from
ax3—x%+ Bx—1=0, where

k72 1/2
““ka

3/2 k 1

k,a
P ka
1

kob

k,a

koD

The cusp-shapedvistability region in the a-8 parameter
planeis shownin Fig. 2.

We investigatethe effect of the sizesand distribution of
the reactivedomainson the natureof the stationarystates.
We assumethat the Schlggl reactionoccurson a substrate
consistingof a collection of domainsof types1 and 2 of
lengthl: only the first reactionstepcanoccuron type-1do-
mains while type-2 domains support the secondreaction
step.

A. Two-domain case

Simpleanalyticalresultscanbe obtainedfor a mediumof
sizeL with onetype-1domaincenteredat X, =L/4 andone
type-2domaincenteredat x,=3L/4. Thus,thedistributionis
completelydefinedby the valuesof | andL or, alternatively,
by | andd=x,—X;.

Settingc®= (¢, +¢,)/2, from Eq. (25) we arrive at

R(c,)+R%(cy) =0, (31
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FIG. 2. Phasediagramfor the homogeneou$chiayl modelin
the spaceof reducedparametersy and B, showingthe regionsof
bistability (bs) and monostablestates(ms). The cusp point is lo-
catedat =349 and g,= 32

1 2
Z_y[R (c1)—R%(cy)]=c1—cy,

whereR! andR? aregivenby Eq. (20). This setof equations
is valid for both fixed-concentratiorand zero-flux boundary
conditions(BC) with

6D
3dI =212’ fixed-concentratiorBC,
7 24dD
1(24d%+ 12—8dl)’ zero-flux BC.

Notice that vy, which is proportionalto D, incorporatesall
of the nonkineticparametersf the system,including all the
parametershatdescribethe spatialcharacteristicef the me-
dium. In theseequationd <d, sincewe areonly concerned
with nonoverlappinglomains.

The solutionof theseequationgor the Schlggl modelcan
be found easily. We obtain

_vCtkja
BT,
andc, is the root of
K yei—kobcd+ | T o, 92 g ()
—2¥2 2 2 ’y+k,l 2 ‘y+k,1 )

This equationhas exactly the sameform as Eq. (30) for a
simple homogeneoussubstrate, except for the factor
yk_1/(y+k_;) inthetermslinearandindependenof c,. If
the polynomial for ¢, is castin the form ax3—x?+ B
—1=0, the coefficientsare given by

wman] T g
s ytko 7F y+koq

Thus, if the reactionoccursin compartmentalizedlomains
the steadystatescan be relatedto thosefor a homogeneous
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FIG. 3. Bifurcation diagramfor the Schliggl modelfor a com-
partmentalizecbne-dimensionamedium. Solid lines representhe
solution from Eg. (31). Stars are numerical solutions of the
reaction-diffusionequation.The ordinateis the concentratioraver-
aged over the entire medium. The kinetic parametersare k_;
=0.014,k,a=0.001,8/3k,b=0.095,16k _,=0.24 and correspond
to a point in the bistableregion of the homogeneousystem.The
dottedline representshe unstablestate.

mediumthrougha rescalingof the kinetic parametersr and
B by the factor \y/(y+k_;)<1. This factor tendsto 1 as
D—o0.

We havecomparedheseanalyticalresultsto resultsfrom
numerical solutions of the reaction-diffusionequation for
severalcasesand found excellentagreementWe havecon-
structedbifurcation diagramsusing the diffusion coefficient
D as the control parameter(keepingthe other parameters
constant If the kinetic parametersare chosenso that the
systemis bistablefor a homogeneoumedium,the following
behavioris observedfor high valuesof the diffusion con-
stantthe systemexhibitsbistability; for low valuesthereex-
ists only one solution. The bifurcationoccursat someinter-
mediate D*, which can be predicted from Eq. (32). A
comparisonof the analyticaland the numericalsolutionsis
shownin Fig. 3.

B. Regular and random distributions of N domains

An interesting special caseis a systemwith periodic
boundary conditions where the N reactive domains are
placedregularly suchthat the distancebetweenany adjacent
pair is the samethroughoutthe medium.Physicallythis situ-
ation may be realizedin a reactivemediumin the form of a
thin ring, largeenoughso curvatureeffectscanbe neglected.
The behaviorfor this reactive domain distribution can be
determinedrom thatin a unit cell with two domainssimilar
to that describedn the previoussectionfor fixed concentra-
tion boundaryconditions,by taking cgo=(cq+C5)/2.

For sucha regulardomaindistribution the equationsfor
the zero-flux casealso take a simple form sincein this cir-
cumstanceEq. (29) reducesto cy=(C41+Cy)/2=Cgp dueto
the symmetryof the distribution.For any particulardistribu-
tion of reactivedomainsthe averageconcentrationn each
domaincan be obtainedby solving the systemof equations
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FIG. 4. Bistableregime.Solid line: reconstructedoncentration
profile calculatedrom Egs.(25) with periodicboundaryconditions.
Crossesnumericalsolution of the reaction-diffusionequation.(a)
High concentrationsolution, (b) low concentrationsolution. The
mediumin this casehasfour reactivedomains(two type-1andtwo
type-2 of length| =20 with centersat x;=20, 60, 100, 140. All
kinetic parametersarethe sameas in Fig. 3.

(25). The geometricdata defining the distribution is con-
tainedin the prefactorsw;; . Furthermoresinceno chemical
reactionoccursin the parts of the medium separatingthe
reactivedomainsthe interdomainconcentratiorprofile is lin-
earto a goodapproximationln this mannera concentration
profile can be reconstructedor the spatially extendedme-
dium and comparedto resultsfrom numericalsolutions of
the reaction-diffusionequation.Such a comparisonis pre-
sentedin Figs.4 and5 in the bistableregimefor fixed con-
centrationand zero-fluxBC, respectively The analyticalso-
lutions capturethe grossfeaturesof both the monostableand
bistableregimesbut the concentratiorprofilesdiffer in detail
sincethe reactivedomainsize is not much greaterthan the
diffusion lengthandthe analyticalsolutioncontainsinforma-
tion only aboutthe averageconcentratiorwithin eachof the
domains.

If the numberof reactivedomainsis large and the do-
mainsarerandomlydistributedone mustsolvea large setof
coupledequations.n this circumstancethe mean-fieldap-
proximation,Eq. (14), providesa meansto study the bifur-
cationstructure As anillustrationwe haveconsidered sys-
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FIG. 5. Bistableregime.Solid line: reconstructeadoncentration
profile calculatedfrom Egs. (25 with zero-flux boundarycondi-
tions. Crosses:numerical solution of the reaction-diffusionequa-
tion. (a) High concentrationsolution, (b) low concentrationsolu-
tion. The mediumandkinetic parametersrethe sameas in Fig. 4.

temof sizeL =1000with N=50 and| = 10. Sincethe mean-
field approximationis expectedto be valid only in a
statistical senseand not for any particular realization we
have calculatedthe averageconcentration®ver 10 realiza-
tions of the distribution of reactivedomains.Figure 6 com-
paresthe mean field and simulation results for periodic
boundaryconditions.Similar resultswere obtainedfor zero-
flux boundaryconditions.

The resultsshow that mean-fieldtheory is able to accu-
ratelyreproducehe bifurcationdiagramobtainedfrom simu-
lationsaveragedver realizationsof the distribution of reac-
tive sites.Theresultsalsoshowthatif thekinetic parameters
arefixed sothatthe homogeneousystemis bistable thenfor
any distribution of reactivedomainsthereis a critical diffu-
sionconstanD* abovewhich bistability is observedBelow
D* only the high concentratiorsolution exists.

The effect of the lengthof the domainsl andof the inter-
domaindistanced canbe elucidatedoy examiningEg. (32)
and the definition of y; y decreasesnonotonicallywith d
and, thus, increasingd hasan effect qualitatively similar to
that of decreasind@. As a consequencehe systemcanun-
dergo a bifurcation by changingthe separationof the do-
mains.

If the domain size is large comparedto the diffusion
lengththeinteriorsof the domainswill be effectively decou-
pled from the restof the systemandhighervaluesof D will
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FIG. 6. Bifurcation diagramconstructedrom an averageover
tenrealizationsof the distributionof reactivedomainswith periodic
boundaryconditions. Solid lines: resultsfrom Egs. (27). Crosses:
numericalsolution of the reaction-diffusionequation.The ordinate
is the concentratiomaveragedver the entire mediumand realiza-
tions. All kinetic parametersrethe sameas in Fig. 3.

be requiredto observebistability. Thus, the systemunder-
goesa bhifurcation from bistability to monostabilityas| is
increasedHowever,if theinter-domaindistanceis keptcon-
stantasl| is increasedgeffectively the domainsget closerto
each other and this could lead again to bistability as I/d
— 1. This behaviorof the stationarystateis supporteddy our
modelandhasbeenconfirmedby numericalsimulations Al-
though theseresultswere obtainedfor the Schlggl mecha-
nismsimilar conclusionsapplyto a generakchemicalsystem.
A featureof this studyis the possibility of inducingbista-
bility from compartmentalizatiorin a rangeof kinetic pa-
rametersfor which the homogeneousystemis monostable.
This is illustratedby point A of Fig. 7. We haveshownthat
for a regulardistribution of reactivedomainsthe compart-
mentalizationof the mediumis equivalento a contractionof

0.25 T T T T T

0.20 | i
0.15 - 4
Os

0.10 - .

0.05 J

096 10 20 = 30

Be

FIG. 7. Phasediagramfor the Schlaggl model. At infinite diffu-
sionthe inhomogeneoumediumcaseis equivalentto the homoge-
neouscase As v is decreasedby decreasind or increasing) the
systemmoveson the straightline toward the origin; it becomes
bistableat B and againmonostableat C.
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FIG. 8. Bifurcationdiagramcorrespondingo a systemwhich is
at point A for the homogeneoumedium.At high diffusion (high )
it is monostableat intermediateD it becomesbistableand again
monostableat low valuesof D (low v). (c) is the concentration
averagedover the entire medium.All parameterasin Fig. 3 with
k_1=0.024.Dottedline is the unstablestate.

kinetic parameterskor infinite diffusion, for any given sub-
strate,the contractionfactor \/y/(y+k_,) is equalto 1 and
we recoverthe homogeneousubstratease:point A. As dif-
fusionis decreasedyr equivalentlyasl is increasedthe state
of the systemis found on the line connectingpoint A with
the origin. First, the systemwill undergoa bifurcation to
bistability at point B, andfinally, at point C, it will become
monostableagain. Figure 8 showsthe bifurcation diagram
under such circumstancesThe range of values of y for
which bistability existscanbe calculatedrom the definitions
of a and B.

It is also clear from Fig. 7, that systemslocatedin the
guadrant defined by B<pB. and a>a. will remain
monostablesincevariationsof y will not causethe systemto
enterthe cuspbistableregion.

V. DISCUSSION

The resultsin this papershow that thereis a nontrivial
interplay betweenthe diffusion processand compartmental-
ized reactiondynamics.For sufficiently large diffusion con-
stantsthe behavior of the systemdependsweakly on the
spatialcharacteristicof the mediumsincediffusion is able
to homogeneizehe concentratiorfield amongthe reactive
domains.n this limit the compartmentalizedystembehaves
like a homogeneousystem.For lower valuesof the diffu-
sion coefficient or larger reactive domains, concentration
gradientsbegin to form and lead to behaviorqualitatively
different from that of the homogeneousystem.Finally, in
the limit of very low diffusion eachdomain actsindepen-
dently and the concentrationsttain valuescharacteristicof
the steadystatesdeterminedby reaction stepswhich take
placeon the domains.

We haveconsideredonly a few of the possibilitieseven
for the rathersimple Schiayl model. For example,one may
also study situationswhereboth reactionstepsoccur on the
samereactivedomain.In sucha casefor D =0, eachdomain
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can attain a steadystate concentrationindependentf the
other domains. If the kinetic parameterslie within the
bistableregime, the compartmentalizedystemwill exhibit
severalsolutionscorrespondingo all posible combinations
of thetwo stablesteadystatesolutions.WhenD >0 but suf-
ficiently small, or interdomaindistanceis large,a largevari-
ety of inhomogeneousolutionswith different domainsin
different stablestatesare found to persist.Similar situations
ariseif the domainssupportonly certainreactionsteps.For
example supposeone hasa sequencef domainswherethe
two stepsof the reactionmechanismalternatefrom one do-
main to the next but the distanceof a domainto its right
neighboris muchgreaterthatto its left neighbor.On alarge
scalesthis distributionis equivalentto that of a sequencef

PHYSICAL REVIEW E 63 016211

domainsthat supportboth reactionstepsseparatedy large
interdomaindistances.

Themethodologydevelopedhereis not restrictedto time-
independenstatesin this context,Eq. (6) providesa means
to studythe effect of compartmentalizatioon the properties
of oscillatory or chaoticsystemsin one or more spatial di-
mensionsOne may considerapplicationsto specificallyde-
signedarraysof catalyticsitesto probereactionmechanisms
or to study how aspectsof the reaction mechanismaffect
chaoticsynchronizatiorprocesse$15].
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