
Monte Carlo methods for short polypeptides
Jeremy Schofielda) and Mark A. Ratner
Department of Chemistry, Northwestern University, Evanston, Illinois 60208

~Received 30 June 1998; accepted 17 August 1998!

Nonphysical sampling Monte Carlo techniques that enable average structural properties of shortin
vacuo polypeptide chains to be calculated accurately are discussed. Updating algorithms developed
for Monte Carlo studies of flexible polymer chains are modified and adapted for polypeptide chain
systems to improve conformational sampling. Utilizing these methods, the effect of bond angle and
bond length constraints in Monte Carlo simulations are examined and it is demonstrated that angle
constraints bias structural averages without greatly reducing the computational work. ©1998
American Institute of Physics. @S0021-9606~98!50244-9#

I. INTRODUCTION

Computational study of peptides and proteins provides
insights into their structure and dynamics that are difficult to
obtain using direct experimental methods. From a computa-
tional viewpoint, however, these glass forming materials are
quite difficult to study, essentially because their energy land-
scapes contain many different minima, so that any computa-
tional scheme for computing actual thermal averages must be
so designed that it can sample all of the appropriate energy
surface for any given experiment.

In recent months much attention has focused on the ap-
plication of nonphysical sampling distributions1 to estimate
thermodynamic averages of modelin vacuo polypeptide and
protein systems.2–5 These non-Boltzmann sampling distribu-
tions are designed to avoid the shortcomings of conventional
Metropolis Monte Carlo~MC! ~Ref. 6! and molecular dy-
namics~MD! simulations of systems exhibiting frustration in
which phase space bottlenecks inhibit thorough exploration
of the entire conformational space. Such considerations are
not limited to peptides or polymers, but arise in studies of
other glass formers.7 In the interest of computational ease,
many studies of the conformations of biologically important
molecules reduce the complexity of the physical system by
constraining some of the degrees of freedom of the system,
such as the bond lengths or bond angles in the molecule.8–10

The results of calculations that utilize such constraints cor-
respond to statistical averages over a reduced hyper-surface
of phase space rather than over the full space. It is hoped that
the potential energy surface of the constrained system
closely resembles the full potential energy surface so that the
important regions of phase space are weighted properly and
averages calculated correctly. Below a high temperature re-
gime, bond lengths fluctuate relatively little due to the nature
of the potential that describes vibrations, with fairly stiff har-
monic spring constants. Furthermore, many structural prop-
erties, such as the radius of gyration, are only weak functions
of the bond lengths. It therefore seems reasonable that con-
straining the bond lengths in a MC calculation to values near
their equilibrium averages leads to only minor changes in the

predicted values of many average structural quantities. It is
not so clear, however, that bond angles can similarly con-
strained without causing profound differences in the model.

In this paper we utilize ‘‘umbrella’’ sampling1 and mul-
tiple Markov chain methods11,12 to calculate physical prop-
erties of short polypeptide chains over a wide range of tem-
perature and avoid difficulties of numerical convergence due
to quasi-ergodicity. We discuss a variety of trial MC moves,
designed specifically to optimize the exploration of confor-
mations in polypeptide chains which should be extendable to
larger, more biologically significant systems. We use these
techniques to examine the agreement of results for Monte
Carlo calculations with and without different types of con-
straints for average structural properties of the peptide chain
as a function of temperature.

In Sec. II we describe the model for the physical system
and discuss the methodology of the MC simulation. In the
following section we examine the results for the model sys-
tem and discuss issues pertaining to sampling efficiency and
accuracy. Finally we summarize the results of the study in
Sec. IV and mention a few ideas currently under investiga-
tion to improve the rate of exploration of phase space and to
extend the methods used here to larger systems.

II. MODEL AND METHOD

A. Potential energy

Our test systems are five and ten residue glycine chains
in which the methylene groups are represented in the united
atom approach and the interactions among the atoms in the
chain are represented classically by the ‘‘Charmm’’-like
potentials13,14 used in the simulation software package
PROSIS.15 The potential energy function utilized is the sum of
non-bonded interactionsVnb, namely, electrostatic interac-
tions and a 12-6 Lennard-Jones term,

Vnb5(
i, j

8S A i j

r i j
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B i j

r i j
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1

Kd

r i j
D , ~1!

where the prime on the summation indicates that the summa-
tion includes all pairs of atoms separated by four or more
bonds, and the bonded interactionsVb ,
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The bonded interactions include bond length, bond angle,
and dihedral interactions, which have the form
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for improper dihedral angles and
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for proper dihedral angles. In this implementation of the po-
tential energy function there are no explicit hydrogen bond-
ing terms as hydrogen bond interactions are incorporated via
the electrostatic interactions with the dielectric constantKd

5332.0638 (kcal2Å!/mol.

B. Generalized coordinate system

In this work we define a local coordinate system16 for
each atom in the chain in which the position of atomi for
i51, . . . ,N21 is specified in terms of a bond length and
two anglesu i andf i . The coordinate transform from Carte-
sian to the generalized coordinatesqN is

ri5ri~r0 ,a,b,g,b,u,f!, ~5!

wherea, b, andg are Euler angles specifying the orientation
of the plane defined by the first three atoms,r0 is the Carte-
sian coordinate of the first atom, andb, u, andf represent
sets ofN21 bond lengths,N22 bond angles, andN23
dihedral angles of the chain.16 In this generalized coordinate
system the bonded termsVb in expression~2! and the impo-
sition of the bond angle and bond length constraints are
simpled expressed. The position vectorrj

(i) in the local bond
reference framei with i, j is calculated via16,17

rj
~ i !

5li1Ti•li111Ti•Ti11•li121•••1Ti•••Tj21•lj ,
~6!

whereli is the bond vector (b i,0,0)T of magnitudel i , andTi

is the orthogonal transformation matrix that transforms the
representation of a vector in the local reference frame of
atom i11 to its representation in the frame of atomi,

Ti5S cosu i sinu i 0

sinu icosf i 2cosu icosf i sinf i

sinu isinf i 2cosu isinf i 2cosf i

D . ~7!

In ~7!, u i is the supplement of bond angle with its apex at
atomi andf i is the dihedral angle defined by atomi11 and
its three preceding backbone atomsi, i21, and i22. Fi-
nally, we define an orthogonal transformation matrixT i

lab

that transforms vectors of local coordinate framei to the lab
frame.17 It can be calculated from vectorsxi , yi and zi de-
fined in lab coordinates

xi5ui[
ri2ri21

b i
,

yi5zi3xi , ~8!

zi5
ui3ui21

uui3ui21u

to be

Ti
lab

5~xiyizi!, ~9!

whereui is the unit bond vector for atomi. Using the trans-
formation matrices, the position of atomj in the lab frame is

rj5Ti
lab

•~rj
~ i !

2li!5Ti
lab

•~Ti•li111 . . .

1Ti•••Tj21•lj!.

The positions of atoms in the chain can be successively cal-
culated via

r15r01T1
lab

•l15r01T0
lab

•T0•l1 ,

r25r11T2
lab

•l25r11T1
lab

•T1•l2, ~11!

A.

We will be concerned with numerically calculating ther-
modynamic and average structural properties of the chain as
a function of temperature. The Monte Carlo procedure con-
sists of generating trial chain conformations by changing in-
ternal coordinates, such as the dihedral anglesf i . Changing
one of the internal angle coordinates effectively amounts to
rigidly rotating parts of the chain along some locally-defined
axis. The method outlined above is not the most efficient
means of calculating the Cartesian coordinates of the atoms
in the new chain, and in practice it is much simpler to use
quaternion operators to calculate the transformed coordi-
nates. For example, consider a rotation of the backbone di-
hedral anglef i by an amountDf i along the unit bond vector
ui . Since the rotation is along a portion of the backbone of
the chain, the positionsrj for j5i11, . . . ,N will be trans-
formed according to

rj85ri1dri j8 ,
~12!

dri j8 5qop* dri j* qop
21 ,

wheredri j5rj2ri , qop is the quaternion operator

qop5cos~Df i/2!1sin~Df i/2!ui , ~13!

and the * notation indicates the quaternion product.~For a
discussion of the properties of quaternions and their applica-
tion in molecular physics, see Refs. 18 and 19.! Similarly,
bond angle changes can be represented by rotations along a
unit vector perpendicular to the plane of the atoms compos-
ing the bond angle. According the quaternion algebra,18 basic
moves consisting of simultaneous bond angle and dihedral
rotations are represented by the operator

qop5qb* qd ,

where qb and qd are the quaternion operators for isolated
bond angle and dihedral rotations, respectively.

The average of an observableA(rN) can be written as an
integral over the 3N spatial degrees of freedom

Ā5^A~rN!&5E drN A~rN!r~rN!, ~14!
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where r(rN) is the canonical distribution function. In our
system of 3N generalized coordinates,~14! is

Ā5^A~qN!&5E dqN J~qN!A~qN!r~qN!, ~15!

whereJ(qN) is the Jacobian determinant of the transforma-
tion from Cartesian to generalized coordinates in~5!. For an
isolated polypeptide chain system observablesA(qN) and the
distribution functionr(qN) are independent ofr0, a, b, and
g. These degrees of freedom can be integrated over, and the
expression forĀ complete with the Jacobian determinant be-
comes

Ā5E db1 db2 d~cosu2!

3 )
i53

N21

db i d~cosu i! df i b1
2b2

2b i
2A~b,u,f!r~b,u,f!.

~16!

Equation~16! is a 3N26 dimensional integral that we will
calculate numerically.

In modeling large biological systems it has become cus-
tomary to constrain8–10 the bond length and bond angle de-
grees of freedom to specific values in order to reduce the
computational work required to evaluate integrals such as
~16!. The constraints are justified in Monte Carlo calcula-
tions provided that the distribution functionr has sharply
defined narrow peaks around the average values^b i& and
^u i& at the temperature of interest. In this case the use of
constraints corresponds to replacing the full distribution
functionr by a conditional distributionrc, which is obtained
from r by setting the constrained degrees of freedom to their
constrained values. IfA(qN) is independent of the some de-
grees of freedom such as the bond lengths, then the integrals
over these degrees of freedom can be carried out and the
equilibrium average ofA can be written as an average of
A(qN) over the effective reduced distribution functionr red.
There is no guarantee, however, that the conditional distri-
bution function rc will resemble the reduced distribution
r red. At low temperatures it is generally true that all the bond
lengths are close to their equilibrium values due to the fact
that the harmonic bond-stretching potentials have relatively
large spring constantsK i

b ~see Eq.~2!!. The bond angle con-
straint approximation, on the other hand, is more question-
able since the spring constantsK i

ba parameterizing the bond
angle potential are usually an order of magnitude smaller
thanK i

b .14

There are two different models for examining the con-
strained averages mentioned above; the flexible model and
the rigid model.20 The models differ in the fundamental
Hamiltonian on which the classical equilibrium statistics is
based. The flexible model assumes that the full potential and
the constraints are enforced by taking the limit of infinite
spring constants for the bond lengths and/or bond angle po-
tentials. In the limit of infinite spring constants, the harmonic
terms in the bonded potential~2! lead to delta functions
which constrain the bond length and/or bond angle degrees
of freedom to their equilibrium values and

Āc
5E df Ac~f!rc~f!, ~17!

whereAc(f) is A(qN) with constrained degrees of freedom.
The rigid model, on the other hand, assumes a Hamil-

tonian containing only the unconstrained degrees of freedom
and is of the form

Hr5 (
i, j53

N21

~Pf! ig i j
21~f!~Pf! j1V~f!, ~18!

whereg i j(f) is an angle dependent tensor which couples the
momenta conjugate to the generalized coordinatesf. The
average of a quantityX(f) depending only on the general-
ized coordinatesf is therefore

X̄5

E df Adet g~f! exp$2bV~f!%A~f!

E df Adet g~f!exp$2bV~f!%

, ~19!

where the factorAdet g(f) depends onf in a complicated
way. MD simulations cannot deal with the diverging fre-
quencies that occur in the flexible model in the limit of infi-
nite spring constants and are therefore based upon the rigid
model. It is therefore necessary in MD simulations of con-
strained systems to calculate the ‘‘Fixman’’ potential21

V f~f!5

KbT

2
log detg~f! ~20!

and propagate the equations of motion based upon the total
potential V(f)1V f(f). For example, it has been demon-
strated that the angular distribution functionr(f) calculated
from a constrained MD simulation of a freely-rotating three
bond chain is nonuniform unless the Fixman potential is
utilized,22 regardless of whether the holonomic constraints
are dealt with by the matrix method23 or by the SHAKE
algorithm.24

Since the diverging frequencies encountered in the limit
of infinite spring constants do not pose a problem in a Monte
Carlo calculation, we base our calculations of structural
properties of polypeptide chains with and without constraints
on the flexible model and thereby avoid the need to calculate
the corrective Fixman potential. Constrained averages, such
as in Eq.~17!, are calculated by generating a Markov chain
which has the limiting distributionrc(f).

C. Sampling method

Variations of the sampling method, which is based upon
thermodynamic scaling techniques,1 used in this work are
described in detail elsewhere.2–5,25. In the standard Metropo-
lis Monte Carlo method6 a Markovian sequence of configu-
rations is generated with a limiting canonical distribution
PB(G). In the Monte Carlo method of evaluating integrals,
one constructs the chain of configurations sequentially by
creating a trial configuration which depends on the current
state of the system. The trial configuration is accepted as the
next configuration in the chain of states or rejected according
to an acceptance criterion. If the trial configuration is re-
jected, the previous state is accepted as the next state in the
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chain. In the simplest implementation, a trial stateG8 is gen-
erated based on the current configurationG and is accepted
with probability min(1,Tm), where

Tm5exp$2b~V~G8!2V~G !!%. ~21!

The proper distribution of states is guaranteed by the condi-
tion of detailed balance

P~G8→G !5P~G→G8!Tm , ~22!

whereP(G→G8) is the transition probability of going from
stateG to stateG8.

It is easy to demonstrate that calculations of thermody-
namic and average structural properties of the polypeptide
chain based on~21! converge slowly at room temperature
due to quasi-ergodic behavior of the sampling. In such cal-
culations a subset of configurations appears in the Markovian
chain of states too frequently because the sampling migrates
very slowly ~if at all! out of low potential energy, possibly
meta-stable regions of configurational space. Similarly, mo-
lecular dynamics simulations do not sample the full configu-
rational space ofin vacuo polypeptides efficiently.2 One pos-
sible means of circumventing the computational inefficiency
of Metropolis MC is to use ‘‘entropy-sampling’’ MC tech-
niques~ESMC!.5 In ESMC a Markovian chain of states is
generated in which the states are distributed not with Boltz-
mann probability but with probability

P~G !5expH 2

S@V~G !#

Kb
J . ~23!

The particular choice of the sampling distribution~23! is
designed so that all potential energiesV over some targeted
range of energy appear with equal probability

P~V !5N~V !expH 2

S@V~G !#

Kb
J 5constant, ~24!

whereN(V) is the spectral density~number of configurations
with potential energyV). Since all energies are equally prob-
able over the targeted range of energy, the simulation is con-
fined in meta-stable regions of phase space for only rela-
tively short sequences of configurations in the Markovian
chain of states and ergodic sampling is much more probable
provided the simulation is long enough and trial MC states
are generated efficiently. Since Eq.~24! implies S@V(G)#

;Kb log N(V), S@V# is identified as the entropy of the system
with potential energyV. In ESMC a new trial configuration
G8 is accepted as the next state in the simulation sequence of
states with probability min(1,Ta), with

Ta5

P~G8!

P~G !
5expH 2

S@V~G8!#2S@V~G !#

Kb
J . ~25!

This MC method, which is a special case of general thermo-
dynamic scaling MC methods,1 has also been called ‘‘multi-
canonical’’ MC in the literature.2–4,25

One of the major advantages of ESMC is that the struc-
tural properties of interest can be obtained from one long
simulation run by ‘‘re-weighting’’ the configurations.1,26 The
canonical averagêA(rN)&c5Ā(T) at temperatureT of any
configurational quantityA(rN) can be expressed as the ratio
of two simulation averages

Ā~T !5^A~rN!&c

5
^A~rN!exp$b~TS@V~rN!#2V~rN!!%&P

^exp$b~TS@V~rN!#2V~rN!!%&P

. ~26!

In ~26!, the notation̂ •••&P represents an average over the
configurations in the simulation sequence. In evaluating such
averages, however, care must be taken to insure that the sam-
pling distribution adequately covers the appropriate regions
of phase space for the property and physical conditions~such
as temperature!. Generally, this implies that the sampling
distribution has a temperature range over which the calcu-
lated results are accurate, and therefore much attention must
focus on reliable methods of estimating simulation errors.

In the ESMC finding the appropriate sampling distribu-
tion for the targeted physical conditions is usually a non-
trivial task, as it generally is in thermodynamic scaling
MC.27 For the simple polypeptide chain system, however, a
straightforward algorithm can be implemented which solves
for S@V# self-consistently.5 The targeted energy range of the
system is broken up into discrete incrementsDV. Given an
initial guess for the value ofS@V# on the mesh, a simulation
is carried out and a histogramH(V) is constructed for the
number of conformations from the simulation run which fall
in each of the energy bins. Following the run the estimate for
S@V# is improved by

Snew@V#5H Sold@V#1Kb~ log H~V !2 log Hav! for Hmax>H~V !>Hmin

Sold@V#1Kb~ log Hmin2 log Hav! for H~V !,Hmin

Sold@V#1Kb~ log Hmax2 log Hav! otherwise,

~27!

where Hmin and Hmax are adjustable minimum and maxi-
mum values for the histogramH(V) designed to speed up
convergence of the algorithm, andHav is the average number
of visits to each bin during an iteration. Iterating the proce-
dure eventually will yield a flat histogramH(V)'Hav, at
which point the proper weight functionS@V# has been found.

A simple example of the application of ESMC nicely
illustrates the strengths and weaknesses of the method. Con-
sider the double well potential of the form~units of kcal/mol!

V~x !5161~~x11!2
24!~~x21!2

23.8! ~28!

shown in Fig. 1. AtT52500 K two regions of configura-
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tional phase space (x coordinate! are populated~see Fig. 2!.
At that temperature or below, a Metropolis MC simulation in
which a trialx t is generated from the current configurationxc

using a random numberxr via x t5xc1(xr20.5)*Dx will
never sample both regions of phase space provided the maxi-
mum displacementDx is small (Dx,2.0), whereas the non-
Boltzmann sampling distribution~23! is able to explore all
regions of phase space below an energy cut-off provided the
cut-off is high enough. The probability distributionr(x) is
calculated correctly by the ESMC method for any tempera-
ture wherePB(V) falls within the targeted energy range, as
is shown in Fig. 2. However if the cut-off is too low for the

value of Dx chosen, the ESMC sampling is also quasi-
ergodic. Care must be taken in applying the ESMC method
to insure that all pertinent potential energy barriers can be
overcome and that the energy cut-off is high enough for the
ways in which the trial moves are constructed.

For this simple one-dimensional potential, the ESMC is
less efficient at any given temperature than Metropolis MC
with a large value ofDx due to that fact that, in a ESMC
simulation, the system spends a good deal of time exploring
regions of phase space that are irrelevant at that temperature.
A histogram plot of thex coordinate range of states visited
during the simulation shows that the simulation spends a lot
of time in high energy regions of the potential surface and
relatively little time sampling near the minima of the double
well ~Fig. 3.!. This implies the statistics for low temperature
canonical averages is likely to be worse than that at higher
temperatures. However, even though the sampling method
might be an inefficient means of calculating average quanti-
ties like x̄ at a specific temperature,x̄ can be calculated ac-
curately over a wide range of temperature~see Fig. 4!.

D. Statistical uncertainty

The estimation of statistical uncertainty of canonical av-
erages from ESMC runs is more complicated than that in
standard Boltzmann-sampling MC because the canonical av-
erageŝ A&c of an observableA(rN) are ratios of simulation
averages of other quantities of the form

^A&c5

f̄

ḡ
, ~29!

where f̄ and ḡ are averages over the simulation run. How-
ever the variancesa

2 of the canonical averagêA&c is con-
nected to the variances off̄ and ḡ via12

sa
2
5^A&c

2S s f
2

f̄ 2
1

sg
2

ḡ2
22

cov~ f̄ ,ḡ !

f̄ ḡ
D , ~30!

FIG. 1. Slightly asymmetric double well potentialV(x)5161((x11)2

24)((x21)2
23.8) in units of kcal/mol.

FIG. 2. The Boltzmann probability distributionPB(x)5exp$2bV(x)% for
the double well system at two different temperatures. The solid line is a plot
of P(x) vs x at T55000 K and the dotted line is atT52500 K. The filled
circles and open squares are calculated from the ESMC simulation run.

FIG. 3. A plot of the number of visits for each system configuration pointx
in the ESMC simulation run.
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wherecov( f̄ ,ḡ) is the covariance off̄ and ḡ. The quantities
s f

2 andsg
2 can be estimated in a straightforward fashion by

applying the ‘‘blocking’’ transform method28. In this method
the block variationg f

n of f̄ is calculated

g f
n
5

1

n(i51

n

~ f i2 f̄ !2, ~31!

wheren is the size of the block sub-averagesf i . gb
f is cal-

culated for the series of block sizesn52,4,. . . ,2i and the
quantityg0

n
5g f

n/n is monitored. Generallyg0
n increases and

eventually reaches a plateau~with statistical noise! as the
size of the block sub-averagesn increases if the data sets are
large enough. Sinces f

2>g0
n and limn→`g0

n converges to a
fixed point, the true statistical error can be obtained easily
from this re-normalization group method. In Fig. 5 the esti-
mate for the square of the standard deviationsx

2 is shown as
a function of block size.

E. Generation of trial moves

One of the most difficult aspects of a challenging com-
putational MC problem is the creation of techniques to gen-
erate new trial configurations to test with the acceptance cri-
terion. The manner in which new configurations are
generated has a large impact on the rate of phase-space ex-
ploration as a function of CPU time, as was observed in the
double-well model. If new trial conformations are very dif-
ferent from the current conformation of the system, the po-
tential energy differences are typically large and the accep-
tance ratio of trial configurations is low. On the other hand if
the successive conformations are very similar and the accep-
tance ratio is high, then the sequences of states in the simu-
lation Markovian chain are strongly correlated and the sam-
pling may be quasi-ergodic, particularly if there are a large

number of deep minima in the potential energy surface of the
system. The model peptide system examined here falls into
this class of systems due to the effects of strong hydrogen
bonding which allow for many energetically stable dissimilar
conformations of the chain.

Due to the strong restoring forces of the bond length and
bond angle potential it is reasonable to expect a fairly simple
one-minimum effective potential corresponding to these de-
grees of freedom. The same is true of the peptide dihedral
anglesv which tend to be strongly peaked aroundv'p due
to the partial conjugation of the peptide bond. The other
backbone dihedral angles, however, have effective potentials
which depend strongly on their local environment, and vary
significantly from@2p,p# during a simulation. These con-
siderations are important when designing techniques to gen-
erate new trial configurations.

1. Nonbiased sampling

The most straightforward way29 of generating a new trial
conformation of the peptide chain is to choose a particular
atom of the chain and to change its generalized coordinates
q i by a displacementdq i selected uniformly from a flat dis-
tribution in @2Dqmax,Dqmax#,

q i85q i1dq i . ~32!

The maximum displacementsDqmax are chosen to optimize
the phase space exploration. For our model system, based on
the relative magnitudes of the spring constants in the bonded
potential~2!, we set

Dbmax

b0
,

D cosumax

p
;

Dvmax

2p
!

Dfmax

2p
, ~33!

whereDbmax, D cosumax, Dvmax, andDfmax correspond to
the maximum displacements for the bond length, cosine of
the bond angle, improper and peptide dihedral and the
‘‘soft’’ Ramachandran30 backbone dihedral degrees of free-
dom, respectively. In the ESMC method, a trial configuration
G8 is accepted with probability min(1,T), where

FIG. 4. A plot of the average configurational quantityx̄ as a function of

temperature. At low temperaturesx̄ approaches the minimum of the double

well potential~nearx522.0) and at high temperaturesx̄ approaches 0 due
to the near-symmetry of the potentialV(x).

FIG. 5. A plot of g0
n vs the block size exponenti; The block sizen52i.

9182 J. Chem. Phys., Vol. 109, No. 20, 22 November 1998 J. Schofield and M. A. Ratner



T5expH S~G !2S~G8!

Kb
J )

i51

N21 S b i8

b i
D 2

. ~34!

The factor involving the bond lengthsb i appearing in~34! is
due to the Jacobian determinant for the transformation from
Cartesian to generalized coordinates as in Eq.~16!. To allow
for major changes in conformation via hopping over the bar-
rier walls of locally stable configurations, we setDfmax5p.
Due to our choice of coordinate system and the connected
nature of the chain molecule, changing the coordinate of
backbone atomi along the chain necessitates recalculating
the Cartesian coordinates of atomsi11 throughN. Thus a
small local coordinate change can have quite drastic struc-
tural effects on the conformation of the overall chain. The
local coordinate moves typically break hydrogen bonds when
the initial configuration is stable and can create energetically
unfavorable, overlapping conformations. The cost in energy
of such a move consequently leads to low acceptance ratios
and slow sampling in low energy regions of phase space. On
the other hand, in high energy regions, the simple nonbiased
algorithm efficiently generates uncorrelated configurations of
the system.

2. Ramachandran configurational bias updating

In order to improve the sampling in the important low
energy regions of phase space we bias the soft dihedral
angles toward preferred dihedral values adopted by low en-
ergy structures. At low energies, the two backbone dihedral
anglesf andc in each residue in proteins and polypeptides
are strongly correlated and sharply peaked around character-
istic residue values. The strong preference for certain values
of f2c in low temperature polypeptides is reflected in his-
togram plots of thef2c dihedral angles, known as Ram-
achandran maps. To incorporate the dihedral angle prefer-
ences into a MC algorithm, the important values for the
Ramachandran dihedrals are identified by carrying out sev-
eral conjugate gradient potential energy minimizations to lo-
cate different low energy, stable conformations. Each confor-
mation is classified by its backbone dihedrals and important
sets of dihedral angles$f,c% are identified. This information
is used to construct normalized Gaussian distributions of
width a,

r t~f,c !5

( j exp$2a~f2f j!
2%exp$2a~c2c j!

2%

N~a !

5exp$2bcbVex~f,c !%, ~35!

from which the new trial values of dihedral anglesf i8 andc i8

are drawn. In Eq.~35!, the sum over indexj extends over the
entire set of preferred angles andbcb is an adjustable param-
eter. The Ramachandran distributionr t(f,c) can be incor-
porated into a configurational bias algorithm31,32 as follows:
First a residue of the chain is chosen at random to be the
starting residue for a regeneration process. A trial chain is
constructed by regrowing the chain residue by residue, start-
ing at the initial residuei51 and ending at the last residue of
the chaini5n. At each step in the regrowth process, trial

sets ofk pairs of dihedrals$(f l ,c l):l51, . . . ,k% are drawn
with probabilityr t(f l ,c l). Each set of angles for residuei is
assigned a probability of selection

P l
~ i !

5

exp$2bcbU i~f l ,c l!%exp$bcbVex~f l ,c l!%

W2
~ i !

, ~36!

with

W2
~ i !

5(
l51

k

exp$2bcbU i~f l ,c l!%exp$bcbVex~f l ,c l!%,

~37!

whereU i(f l ,c l) is the biasing interaction potential of resi-
due i with the rest of the chain preceeding it. Once theith
residue angles$(f (i),c (i))% have been chosen, the process is
repeated for the (i11)th residue. After generating the trial
chain, the new conformationG2 is accepted with probability
min(1,T), with the parameterT given by

T5expH S~G1!2S~G2!

Kb
J

3exp$bcb~V8~G2!2V8~G1!!%
W2

W1
, ~38!

where

V8~G !5(
i51

n

~U i~f ~ i !,c ~ i !!2Vex~f ~ i !,c ~ i !!! ~39!

and

W25)
i51

n

W2
~ i ! ~40!

is the Rosenbluth weight for the trial configurationG2. The
Rosenbluth weightW1 for the original conformation is cal-
culated similarly toW2 except that at each residuek21 pairs
of dihedrals are drawn fromr t with the first set (f0 ,c0)
being the actual angles of the original chain. It is also pos-
sible to vary other degrees of freedom, such as the bond
angles, while constructing the trial chainG2.

We have found that this adapted configurational bias al-
gorithm, in which the dihedral angles are biased towards
values observed in low temperature conformations, is about
3 times more efficient than conventional configurational bi-
asing methods for polypeptides33 at inducing significant con-
formational changes in low energy structures. Since the Ra-
machandran angles are often strongly dependent on the
conformation of subsequent regions of the chain, it is often
useful to base the biasing potentialU i(f,c) upon a scaled
version of the full potential to control the degree to which
certain interactions and local environments dictate the choice
of backbone dihedrals.

3. Multiple Markov chains

The idea behind biased Monte Carlo updates of drawing
trial states from a known distribution can be utilized to
greatly accelerate conformational sampling. In biased MC, a
new trial conformationG2 is drawn from a known distribu-
tion r t(G2) and accepted with probability min(1,T), where
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T5

P~G2!

P~G1!

r t~G1!

r t~G2!
. ~41!

Of course one means of generating states according to a dis-
tribution is via a Monte Carlo algorithm. Geyer11 has re-
cently described a method in which multiple Markov chains
are evolved in parallel for a specified number of steps. After
the independent evolution of the chains, swaps of configura-
tions are attempted between a pair of chains with the accep-
tance parameter given by~41!. The configurations are mixed
if the distributionsP(G) andr t(G) have significant overlap
in the energy regions appropriate for the conformationsG1

andG2. If the set of distributions is chosen to span from high
energy regions, where the simulation correlation time is
short, to low energy regions, where configurational sampling
is slow, canonical equilibrium averages can be calculated
from the Markov chains by weighting averages over indi-
vidual chains.12 The distributionsr t centered around high
energy conformations~i.e., high temperatures! act effectively
like a heat bath which randomizes the low temperature Mar-
kov chains. To maximize the swapping of conformations, it
is helpful to utilize artificial ‘‘umbrella’’ distribution func-
tions rather than a large number of Boltzmann distributions
at different temperatures. The shape of the artificial distribu-
tions can be adjusted iteratively using very short MC runs
with an updating algorithm like~27! to control the rate of
conformational sampling. Unlike the pure umbrella-sampling
prescription, relatively little effort or computational time is
required to construct the artificial distribution functions used
in the final calculation. Another major advantage of the mul-
tiple Markov chain method over any single chain method is
the ease and efficiency of parallelizing computer code to run
on multiple CPU~or clustered! computers.

4. Hybrid MC

Both the biased and nonbiased updating algorithms
elaborated above suffer the drawback of creating drastic non-
local changes in the peptide chain conformation. The hybrid
MC method34 uses time-reversible molecular dynamics to
generate new trial configurations which are accepted or re-
jected in accordance with a modified acceptance criterion
ensuring detailed balance. The algorithm has the advantage
that a select group, or all, of the coordinates are changed
collectively and simultaneously. The collective changing of
coordinates is often extremely important in cases where
phase-space bottlenecks lead to quasi-ergodic sampling. Al-
though hybrid MC was originally designed to sample a ca-
nonical distribution with Boltzmann weighting, it is straight-
forward to extend the method to more general weight
functions. In hybrid MC, fictitious momenta conjugate to the
spatial coordinates~Cartesian or general! are introduced and
time-reversible MD integration is performed for a specified
length of time, using some time-stepdtmd, starting from the
current configuration with momenta randomly drawn from a
Maxwellian distribution. The change in the total effective
HamiltonianDH is calculated and the new trial configuration
accepted with probability min(1,exp$2DH/KbT%). The exten-
sion of this algorithm to ESMC is made by namingS@V#/Kb

the ‘‘effective’’ potential.35 The instantaneous forces used in
the time propagation are therefore merely a rescaling of the
standard force2¹r i

V,

Fi5
21

Kb

dS

dV
¹r i

V~rN!. ~42!

The utility of hybrid MC lies in the great flexibility of
designing trial moves. An arbitrary set of system coordinates
can be changed simultaneously under any driving potential
desired provided that the ‘‘effective’’ Hamiltonian is used in
the acceptance criterion. For the peptide system the impor-
tant coordinates to change are clearly the Ramachandran di-
hedral angles and perhaps some bond angles to facilitate the
motions of conformational change. Bond lengths and peptide
dihedral angles have strong restoring forces and remain rela-
tively constant throughout most conformational changes at
low temperatures and are therefore best left constrained dur-
ing the dynamical propagation. We represent the subset of
generalized coordinatesqN of interest asqs, and postulate a
model driving Hamiltonian for the coordinatesqs,

H̃5(
k

Pk
2

2Ik
1S@V~qs!#, ~43!

wherePk is the fictitious momentum coordinate conjugate to
the generalized coordinateqs

k , and Ik are the effective mo-
ments of inertia. Since the momentaPk are uncoupled by
design in~43!, the resulting equations of motion are simple,

dPk

dt
52

1

Kb

dS

dV

]V

]qk
s
,

~44!
dqk

s

dt
5

Pk

Ik
.

The equations of motion~44! are integrated numerically us-
ing a leap-frog algorithm to ensure detailed balance. If coor-
dinateqk

s is altered the Cartesian coordinate positions of all
subsequent atoms of the chain must be recalculated. This
implies that the effective moment of inertia tensor should
decrease along the sites of the chain as an end of the chain is
approached. In their MC studies of dense polymer systems,
Forrest and Suter36 found for a polybead chain ofN sites that
setting

Ik;~N112k !2.5 ~45!

maximizes the exploration of configurational space. The gen-
eralized forces in~44! are computed using the facts that the
derivatives of Cartesian coordinates with respect to the gen-
eralized coordinates are given by

]rj

]f i
5H ui3~rj2ri! if i, j

0 otherwise
~46!

]rj

]u i
5H ui3ui21

uui3ui21u
3~rj2ri! if i, j

0 otherwise,

where ui is the unit vector along the backbone connecting
backbone atomi to the previous backbone atom. At each
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time step in the leapfrog propagation, the generalized forces
are calculated for the configuration and the derivativedS/dV
is estimated using finite difference methods.

5. Concerted rotations

One of the major drawbacks of using the Flory local
coordinate system16 in a MC calculation is the difficulty of
generating local structural changes by varying the locally
defined generalized coordinate—a simple rotation around
backbone dihedralf i changes the Cartesian coordinates
from i11 to the end of the chain and can often result in high
energy overlapping configurations. It is therefore interesting
to consider elementary MC moves that modify internal de-
grees of freedom in a coordinated way so that only local
regions of the chain are altered and the problem of thrashing
the long chain section following a rotated dihedral is miti-
gated.

The geometrical problem of finding the correct combi-
nation of rotations of a series of dihedral angles which result
in local chain rearrangement has been solved for general
polymer beads.17 In the polymer bead chain six consecutive
dihedrals numbered~locally! $f1 , . . . ,f6% are altered while
keeping all other atoms fixed except for those numbered lo-
cally $1, . . . ,4%. All atoms before 1 and after 4 are un-
changed provided all torsional angles beforef1 are fixed and
the positions of atoms$5,6,7% and f7 are unchanged. The
geometrical constraints are enforced by requiring that the
Cartesian coordinate vector of atom 5, the unit bond vector
u6 connecting atoms 5 and 6, andg6, the Euler angle speci-
fying the orientation of the bond vectoru7 around the axis
defined byu6, remain unchanged. Six constraint equations
for the six unknowns result from the geometrical restrictions
for the remaining degrees of freedom. Due to the definition
of the local coordinate frames of reference, the geometrical
problem can be reduced to finding the zeros of a nonlinear
function of f1 only,17

F5~f1!50. ~47!

There are four different branches ofF5 to search for roots. A
zero of a branch ofF5(f1) provides a solution set
$f1 , . . .f6% of dihedrals which correspond to angles which
result in crank shaftlike local structural changes. Generally
speaking, the topology of theF5–f1 space is fairly complex,
where each branch ofF5(f1) is defined for a range off1.
Near the edges of each range the branches merge to form
closed curves inF5–f1. Thus, excepting the case where a
branch has a maximum or minimum atF5(f1)50, there are
an even number of solution sets to the geometrical problem.

Changing six consecutive backbone dihedrals is ex-
tremely energetically costly in the case of a peptide chain
due to the stiff spring constants associated with peptide
bonds. For this reason, we generalize the concerted rotation
method to allow for rigid rotation of the C–N bond of each
residue. In the Appendix it is demonstrated that the atoms of
two consecutive residues can be altered in a cooperative
fashion leaving the peptide dihedrals intact. As in the stan-
dard concerted rotation method, the solution sets of angles
$f1 ,c1 ,f2 ,c2% correspond to zeros of a nonlinear, multi-
branched function of the anglef1 ~see Fig. 6!. Oncef1 is

specified, the other dihedral angles can be solved for succes-
sively and the new Cartesian coordinate positions of the at-
oms in the altered residues calculated.

To implement the concerted rotation solution of the geo-
metrical constraint problem in a MC algorithm, it is essential
to note that the dihedral anglesf i are no longer independent
variables. In order to solve the geometrical problem we
transform17 six dihedral angles to six coordinates which re-
flect the constraints,$r7 ,u8 ,g8%. To account for the coordi-
nate transformation, a Jacobian determinant relating the vol-
ume elements in the two coordinate frames must be included,

df1dc1df2dc2df3dc3

5JS f1 ,c1 ,f2 ,c2 ,f3 ,c3

r7 ,u8 ,g8
D dr7du8dg8 . ~48!

This Jacobian is straightforward to calculate using~46!. As a
test of the Jacobian, a MC simulation was performed on a
simplified freely-rotating polypeptide chain. It was found
that only when the Jacobian in~48! is included in the MC
acceptance criterion are the correct uniform dihedral distri-
butions obtained~see Fig. 7!.

The most time-consuming part of the concerted rotation
MC method is the search for the roots of the polynomial.
Thus the most efficient implementation of the concerted resi-
due rotation method is likely to be to weight all the solutions
obtained by the correct weight factor and to choose the trial
move based on that weight factor. For example, suppose
there aren solutions in the solution set$G1 , . . . ,Gn%. The
new trial conformationG j is chosen out of the solution set
with probability

a5

expH 2

S~G j!

Kb
J J~G j!

(
i51

n

expH 2

S~G i!

Kb
J J~G i!

. ~49!

FIG. 6. A plot of F(f1) vs the first torsional anglef1. Each point where
F(f1) crosses thex axis represents a solution set of angles$f1 ,c1 ,f2 ,c2%
for a concerted rotation.
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Note that the probability of selecting a particular solution out
of the set of solutions includes the Jacobian factor. If this
factor is neglected the MC transition probabilities do not
obey detailed balance and the configurations will not be gen-
erated with the correct limiting distribution.

A MC algorithm can also be designed in which some of
the other ‘‘hard’’ degrees of freedomqh, such as the bond
lengths or bond angles, are changed by some uniformly dis-
tributeddqh. In this case the solution sets must be calculated
for the initial ‘‘hard’’ coordinates as well as the destination
‘‘hard’’ coordinates. Suppose there aren solutions for the
initial coordinate set andn8 solutions with the destination
coordinate set. In order the satisfy the condition of detailed
balance, a conformationG j8 chosen from then8 possible des-
tination solutions with probability

a85

expH 2

S~G j8!

Kb
J J~G j8!

(
i51

n

expH 2

S~G i8!

Kb
J J~G i8!

~50!

is accepted with probability min(1,C8/C), with

C85(
j51

n

expH 2

S~G j8!

Kb
J J~G j8! )

i51

N21

~b i8!2,

~51!

C5(
j51

n

expH 2

S~G j!

Kb
J J~G j! )

i51

N21

~b i!
2.

Since the root searches of the constraint equation are
computationally expensive, both algorithms are relatively in-
efficient compared to other methods of generating trial
moves for short chains. However since the concerted rotation
moves cause local structural changes by design, the algo-

rithm becomes competitive for long chains and dense, en-
tangled systems. Furthermore,n distinct local regions can be
changed simultaneously and the resulting number of possible
solutions in the total solution set to choose from increases
faster than 2n. The computational work required scales lin-
early with n since each local region is independent from the
others. Such qualities suggest the algorithm will benefit
greatly from parallelizations and be of greater utility on
larger systems.

III. RESULTS AND DISCUSSION

A. Simulation specifics

The updating algorithms elaborated in the previous sec-
tion were applied in ‘‘umbrella’’-sampling MC studies of
two test systems, gly5 and gly10. The initial step in the MC
studies of these systems was to carry out molecular mechan-
ics or simulated annealing calculations to locate the potential
energy minimumVmin for the model systems. After locating
Vmin , short ESMC runs were done to solve for the weight
function parameterS@V# self-consistently over the targeted
energy range@Vmin ,Vmax# according to Eq.~27!. It is impor-
tant to setVmax high enough so that the conformations in the
initial simulation chain of states are uncorrelated given the
particular choice of techniques for generating trial conforma-
tions. It is also important, particularly for short peptide
chains, to include MC moves in which peptide torsional
angles are flipped by6p so that the entire conformational
space of the model system is explored. Short glycine peptide
chains have a significant number of conformations populated
at high temperatures in which some of the peptide dihedral
angles arecis, unlike longer chains in which all peptide di-
hedrals aretrans.

For the gly5 and gly10 model systems the iteration pro-
cess was started with the initial choice of the formS@V#
5a0n log(DV)1a1nDV, whereDV5V2Vmin , n is the num-
ber of degrees of freedom of the chain, anda0 and a1 are
system dependent constants. This particular choice of initial
weight function is motivated by the fact that the sampling in
the ESMC method is essentially ‘‘umbrella sampling’’1 in
which the overlapping distributions composing the weight
function are Boltzmann distributions at different inverse tem-
peraturesb. Thus

expH 2S@V#

Kb
J 5W~DV;bmin!

'S E
bmin

`

db exp~2bDV ! D n

5S exp$2bminDV%

DV D n

, ~52!

which implies that

S@V#'a0n log DV1a1nDV, ~53!

wherea0 anda1 are system dependent constants which must
be solved for iteratively. The exact form ofS@V#, which is

FIG. 7. A test of the Jacobian factor in the freely-rotating peptide chain
model. If the Jacobian factor is neglected a nonuniform torsional angle
distribution is obtained~lower plot!. If the Jacobian is included, however,
the correct uniform distribution is obtained~upper plot!.
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more complicated than~53!, is quite a sensitive function of
DV. It is best fit by including nonlinear as well as linearDV
terms in the fitting function.

After six or seven iterations the energy histograms from
the simulation runs are relatively flat over a range of energy
states from high energy regions accessible only at high tem-
peratures to low energy regions near the minimum potential
energy structure. In Fig. 8 the converged weight function
S@V# for the gly5 system is shown over the targeted energy
range. As anticipated from~53!, S@V# is approximately a
linear function ofV at high energies. AsV approachesVmin ,
however, the weight function drops logarithmically to zero
reflecting a rapid decrease in the density of states as the
region of the global energy minimum is approached. Since
the steep drop off ofS@V# in the low energy region leads to
a drastic reduction in the percentage of trial conformations
accepted, ESMC sampling at very low temperatures is rela-
tively inefficient. If only one conformational well is thermo-
dynamically significant at low temperatures, fluctuations
around the low energy configuration can be examined by
standard MD or MC techniques fairly efficiently. If several
independent conformations are significant in the low energy
region then modifications should be made to the sampling
weight function to mitigate the effects of the rapid decrease
in the density of states. The number of significant conforma-
tions at a given temperature can be identified by systemati-
cally looking at distributions of angular degrees of freedom
as a function of temperature.

In Fig. 8 we show the probabilityP(V)5N(V)
3exp$2bV% of potential energyV at temperaturesTmin

5200 andTmax51000. Since both distributions fall within
the targeted energy range over which the simulation samples,
average structural properties of the model system can be cal-
culated extremely accurately over the temperature range
@Tmin ,Tmax#.

In Fig. 9 the square of the radius of gyrationRgyr is
plotted over a range of temperatures, where

Rgyr
2

5

1

M t
K (

i51

N

M i~Ri2Rcm!2L . ~54!

In ~54!, M i is the mass of atom~or unified atom! i, M t

5( iM i , andRcm is the center of mass of the system. Since
the radius of gyration is a good indicator of relative compact-
ness of a molecule, it is clear from Fig. 9 that gly5 adopts a
fairly compact, globular conformation on average at low
temperatures. NearT5400 K the average radius of gyration
starts to increase dramatically, indicating more extended av-
erage conformations. At low temperatures, little variation is
seen inRgyr which indicates that the low temperature distri-
butions are sharply peaked around the average radius of gy-
ration. In the vicinity of the temperature region nearT
5400 K there is a rapid broadening in the distributions of
Rgyr

2 indicating that as temperature increases, more and more
conformations with appreciably different compactness con-
tribute to the observed structural averages.

B. Effect of constraints

In the previous section we mentioned that it has become
customary to constrain certain degrees of freedom to reduce
the computational work involved in calculating average
structural properties from simulations. Such simplifying as-
sumptions are justified when constrained averagesĀc calcu-
lated for a structural propertyA(qN) differ little from the true
averageĀ. That is,

FIG. 8. Data from a simulation run on the test 5 residue glycine system. The
dashed line is a plot of the weight function parameterS(V) over the targeted
energy range@2145,220# kcal/mol. Also plotted are the calculated prob-
ability function P(V) based onS(V) at temperaturesT51000 K andT
5200 K. In addition, the energy histogram for the simulation run is plotted
vs the potential energyV. Note that the probability function at the given
temperatures falls within the range of energy over which the simulation
samples frequently.

FIG. 9. A plot of the square of the radius of gyrationRgyr vs temperature
calculated from simulations with and without constraints.
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Āc
5E dXAc~X!rc~X!'Ā5E drNA~rN!r~rN!, ~55!

whereX are the unconstrained degrees of freedom,rc(X) is
the conditional distribution ofr(rN), and Ac(X) is A(rN)
with constrained degrees of freedom. Since we believe the
ESMC simulations calculate the averages of structural prop-
erties for our polypeptide systems accurately, we compare
the predicted constrained averagesĀc of several different
observablesA(rN) to the full averagesĀ subject to bond
angle and bond length constraints.

The averageRgyr and its variation calculated for the gly5

system subject to bond length constraints agree within statis-
tical uncertainty with the unconstrained averages over the
entire temperature range. However constraining the bond
angle degrees of freedom in addition to the bond lengths
leads to significant differences between calculated values of
the radius of gyration and its variation in the constrained and
unconstrained systems over most of the temperature range.
In the simulation studies of the constrained system the bond
angles are fixed to values observed in the minimum energy
conformation. This allows the angle-constrained system to
adopt the compact, lowest-energy conformation observed in
the unconstrained systems at low temperatures. Comparison
of Rgyr

2 for the angle constrained and unconstrained systems
~Fig. 9! reveals that at high temperatures the reduced flex-
ibility prevents large, extended conformations in which bond
angles are typically stretched. The angle constraints also re-
duce the variations in effective molecular size of the
polypeptide, as seen in Fig. 10.

Although there are clear differences between the average
radius of gyration calculated with and without bond angle
constraints, the qualitative behavior of the averages as a
function of temperature is similar. Given the crudity of the
model polypeptide system, minor quantitative differences be-

tween constrained and unconstrained averages ofRgyr are
relatively unimportant for short peptide chains. However for
larger systems the lack of flexibility of the peptide chain with
frozen bond angles leads to qualitatively as well as quantita-
tively different behavior. In Fig. 11 two low energy confor-
mations of gly10 are shown. The cork-screw shaped confor-
mation has a minimum energy of approximately2310 kcal/
mol in the PROSIS force field, whereas the meta-stable
conformation in Figure 11 has a minimum energy of2295
kcal/mol. The meta-stable conformation is a sensitive func-
tion of the bond angles, however, and small variations in
these angles lead to large changes in the potential energy of
the conformation. If the bond angles are fixed to the values
observed in the minimum energy conformation, the meta-
stable conformation is de-stabilized to a potential energy
value2250 kcal/mol. Slight adjustments of the other uncon-
strained degrees of freedom can lower the energy to around
2260 kcal/mol while maintaining the overall structure. Thus
it appears the bond angle constraints greatly alter the relative
stability of important low-energy meta-stable conformations
and thereby affect the statistical weight of the conformations.
In general, such meta-stable wells have a small density of
states compared to the minimum energy well and make little
contribution to many statistical averages, but some observ-
ables, such as the average radius of gyration, are affected.

One might expect that averages of observables which are
independent of the constrained degrees of freedom will have
less dramatic differences. In Fig. 12 plots of distribution
functions of the central backbone torsional angle of the gly5

system under different constraints at several different tem-
peratures are shown. The multi-modal peaks in the confor-
mational distributions indicate that more than one conforma-
tion contributes to structural averages at the specified
temperatures. Clearly there are differences between the an-
gular distributions calculated from simulations run with and
without bond angle constraints at both temperatures plotted.
At T5500 K ~upper plot of Fig. 12!, the angular distribution
functions of the system with bond angle constraints are more
sharply peaked around angles corresponding to low energy
structures compared to the distributions calculated for the
unconstrained system. At this temperature, the average con-

FIG. 10. A plot of the variation ofRgyr
2 versus temperature calculated from

ESMC simulation runs with and without constraints. Note that the variation
in this structural quantity, which is a measure of the relative conformational
compactness, vanishes at low temperatures.

FIG. 11. Two low-energy conformations of gly10 . The conformation on the
left has a potential energy ofV52310 kcal/mol and the one on the right has
V52295 kcal/mol.
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formation in the unconstrained system is less compact than
that observed in the system with angle constraints. At low
temperatures (T5200 K!, the distribution functions for the
unconstrained system show small peaks nearf
53p/4,5p/4 which are not observed in the angle-
constrained system. The small peaks correspond to confor-
mations which do not contribute to structural averages at this
temperature in the constrained model system.

C. Sampling efficiency

It is necessary to devote more than usual attention to
sampling efficiency due to the great difficulty of thoroughly
sampling the configurational space of the polypeptide sys-
tems. A good measure of the sampling efficiency of the
simulations can be obtained by examining the decay of
~Monte Carlo! time dependent correlation functions since the
number of MC steps should scale roughly with the CPU
time. The auto-correlation functions of several different ob-
servables of the gly5 system are shown in Fig. 13. All the
auto-correlation functions exhibit rapid exponential decay,
indicating that only short segments of the simulation chain of
states are correlated with one another. For the larger gly10

system, however, the correlation time of the conformations is
somewhat longer. As the peptide chain length increases, the
depth of the potential energy well corresponding to a locally
stable low energy conformation becomes greater and leads to
trapping. In the peptide systems all low energy conforma-
tions are stabilized by many hydrogen bonds which must be
broken to escape from the local energy wells. Such trapping
behavior suggests that the weight functionS@V# should be
modified for longer chains.

One means of modifying the weight function to obviate
inefficient sampling due to hydrogen bond stabilization is to
selectively scale the terms in the potential energy of the
model Hamiltonian which account for hydrogen bonding,

Vnb~a !5(
i, j

8S A i j

r i j
12

2

B i j

r i j
6

1a i j~rN!
Kd

r i j
D . ~56!

The scaling parametera i j(rN) can be constant or can depend
on the conformation of the system in a complicated fashion.
Simulations are carried out in the standard fashion with the
modified Hamiltonian with the stipulation that, for each re-
corded MC conformation, the unscaled (a i j51) potential
energy as well as the value of the weight function for the
conformation must be recorded so that the re-weighting pro-
cedure can produce the correct equilibrium averages via Eq.
~26!.

The simplest useful modification of the standard ESMC
method is to seta i j(rN)5c with c,1, which effectively
weakens all the electrostatic and hydrogen bonding interac-
tions in the system. Simulations of the gly10 system with the
weight function based upon the modified Hamiltonian with
a i j50.5 no longer spend many consecutive MC steps in a
particular conformational well, as an inspection of the simu-
lation time series ofRgyr

2 shows~upper plot of Fig. 14!. The
modified ESMC procedure reduces the system correlation
time by an order of magnitude~see Fig. 15!, and is likely to
lead to greater improvements in efficiency in larger systems.

The simple Hamiltonian scaling ESMC mentioned above
works well for the gly10 system, but does not selectively
scale interaction terms based on structural information and is
therefore not optimally designed for studies of peptide con-
formation. Since typically only extremely compact confor-
mations exhibit long simulation auto-correlation times~see
Fig. 14!, a hydrogen bonding scaling parametera i j(rN)
which depends explicitly on structural properties such as the
radius of gyration would likely lead to more efficient sam-
pling, particularly for longer chains. Such sampling methods
are currently under investigation.

FIG. 12. Plots of the angular distribution function of the middle backbone
dihedral angle of the 5 residue glycine system atT5500 K ~upper plot! and
T5200 K ~lower plot! for the constrained and unconstrained model systems.

FIG. 13. Auto-correlation functionŝA(t)A(0)&/^A(0)A(0)& vs MC time
stept.
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IV. SUMMARY

In this article we have shown that MC simulations based
on non-Boltzmann sampling are well-suited to address fun-
damental questions of polypeptide structure. By applying
such MC methods to short peptide systems, we have shown
that constraining the bond length degrees of freedom intro-
duces little qualitative or quantitative change in the predicted
thermodynamic averages of structural properties of the pep-
tide chain. However, some average structural properties cal-
culated from MC simulations in which bond angle degrees of
freedom are frozen in addition to bond length constraints
differ appreciably from full system averages. While the
qualitative differences of averages of short peptide systems
may seem relatively unimportant, there is no guarantee that

the constraints will not lead to significant qualitative and
quantitative differences in larger systems. In any event, bond
angle constraints do not lead to a great reduction in compu-
tational effort in MC simulations of this sort and should
therefore be avoided to protect against unphysically biasing
the calculations.

The standard ESMC algorithm is inefficient for larger
polypeptide systems, due to strong hydrogen bond stabiliza-
tion effects in low energy conformations. Scaling the hydro-
gen bonding terms in the Hamiltonian effectively weakens
the stability of these conformations and leads to a tenfold
decrease in the simulations correlation times for the gly10

system. As the number of residues increases, it becomes
more and more difficult to find a weight functionS@V# suit-
able for the targeted energy range. For large polypeptide or
protein systems, the multiple Markov chain method11,12

avoids the computationally intensive task of iteratively solv-
ing for the weight function. For these systems, multiple Mar-
kov chain MC techniques, based on weight functions that
incorporate detailed structural information in the Hamil-
tonian and hydrogen bond scaling parameters, in combina-
tion with hybrid MC algorithms with selectively constrained
segments, are likely to yield optimal results.37
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APPENDIX

In this appendix we demonstrate that the geometrical
problem of finding the combination of backbone dihedral
angles that locally rotate two residues of the peptide chain
while leaving the peptide dihedrals and the rest of the chain
intact can be reduced to finding the roots of a function of
only one variablef1. Our discussion closely follows that in
the Appendix of Ref. 17 which elaborates an analogous
method of solution in greater detail.

The constraint conditions are that the vectors

r7
~1!

5@T1
lab#T

•~r72r0!5l11T1•l21••• 1T1•T2•••T6•l7,
~A1!

u8
~1!

5T1•T2•••T6•l7•e1 ,

with e15(1,0,0)T, are constant as the dihedral anglesf1,
f2, f4, f5, f7 andf8. Anglesf3 andf6 are peptide dihe-
drals which remain fixed. The first step is to relatef2 to f1

noting that

t5T1
T
•~r7

~1!
2l1! ~A2!

depends only onf1. Defining

FIG. 14. A slice of the time series of the observableRgyr
2 . The upper plot is

from a ESMC run with the scaled Hamiltonian parametera50.5, and the
lower plot is from a simulation run with the full Hamiltonian (a51).

FIG. 15. Angular auto-correlation functions of an interior backbone tor-
sional angle~fifth residue! of a 10 residue glycine system calculated from
simulation runs with and without electrostatic scaling parameters in the
system Hamiltonian.
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l385l31T3•l4 , l685l61T6•l7 ,

T485T3•T4 , T785T6•T7 ,
~A3!

q15T1
T
•l21l38 , q25T5

T
•l51l68 ,

q35T48•T5•q25T2
T
•t2q1

and noting that

t5T2•@q11T48•T5•q2#5T2•@q11q3#, ~A4!

we see that the expression fort in ~A4! depends onf1 and
f2. Manipulating Eq.~A4! yields an expression which al-
lows us to solve forf2 in terms off1 via

a cosf21b sin f25t2
1q1

2
2q2

2

22tx~q1x cosu21q1y sin u2!, ~A5!

with

a52ty~q1x sin u22q1y cosu2!22tzq1z

~A6!
b52tyq1z12tzx~q1x sin u22q1y cosu2!,

where ax refers to the x component of vector a
5$ax ,ay ,az%. Usingf1,f2, andf3, the Cartesian positions
of atoms 1–4 can be calculated.

Oncef2 is known as a function off1, we can solve for
f4 in terms off1,f2, andf3 in exactly the same fashion by
applying the redefinitions

r7
~3!

5@T3
lab#T

•~r72r2!t5T3
T
•~r7

~3!
2l3!

5T4•@q11T5•q2#,
~A7!

q15T4
T
•l41l5, q25l61T6•l7

in Eq. ~A5!. The Cartesian coordinate position of atom 5 can
now be calculated.

Finally, f5 can be obtained from the equation

ty5a cosf51b sin f5 ~A8!

with

t5@T4
lab#T

•~r72r3!5l51T5•q2 ,

q25l61T6•l7 ,
~A9!

a5q2x sin u52q2y cosu5 ,

b5q2z .

Oncef1 , . . . ,f5are specified and the new atomic positions
1–6 of the chain are calculated, the remaining dihedralsf7

and f8 can be determined from the geometry of the chain.
From Eq.~A1! the root equation is therefore

F~f1!5@u8
~1!#T

•T1T2•••T62 cosu750, ~A10!

which depends only onf1 since specification off1 allows
us to solve for the remaining angles.
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