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ABSTRACT: An adaptive procedure is introduced to construct smooth
analytical proﬁles of the free energy along a reaction coordinate using sampled
data from multiple biased simulations. The procedure is based upon identifying
problematic regions encountered in maximum likelihood estimators of the proﬁle
where there are statistically relevant discrepancies between the empirical and
parametrized cumulative distribution functions and preferentially improving the
construction of the parametric proﬁle in these regions. The method is designed to
produce continuous and smooth analytical ﬁts that satisfy statistical goodness-ofﬁt tests with a minimum number of parameters. The accuracy of the proﬁle
obtained from the adaptive construction is compared by numerical computation
to that of smooth interpolations based on an optimally chosen weighted
histogram method for a solvated ion pair system and for an activated process for
which the analytical form of the potential of mean force is available. In the model where the exact proﬁle is known, the adaptive
procedure is shown to reduce the integrated error relative to the optimal histogram construction by a factor of 3 or more in the
typical case where the sampling is not extensive. It is demonstrated that the adaptive procedure can be used to produce
statistically accurate smooth analytical representations of the free energy proﬁle that can be evaluated with little computational
eﬀort and require little user input.

■

INTRODUCTION
The calculation of the free energy proﬁle or the potential of
mean force along a reaction coordinate from sampled data is a
crucial task in the estimation of chemical rate constants using
transition state theory1,2 and ﬁgures prominently in the general
theory of rate processes in the computation of the mean ﬁrst
passage time out of a metastable well.3,4 The potential of mean
force is also of importance in the context of the Fokker−Planck
equation5−7 and in the construction of coarse grain models
where the potential describes the eﬀective interactions between
components of the conﬁgurational space of the coarse grain
model. In this context, the potential of mean force is equal to
an equilibrium average over a “bath” of presumably rapid
motions of the full system. In the coarse grain models, the
potential of mean force is frequently constructed from sampled
data using the reverse Monte Carlo method,8,9 iterative
Boltzmann inversion,10,11 or the force matching method.12,13
These techniques rely on parametric ﬁts of the potential of
mean force (or the force itself) to construct smooth potentials
of mean force to use as force ﬁelds suitable for mesoscale
simulations.
Recently, much attention has been devoted to adaptive
importance sampling procedures,14−22 metadynamics,23−25 and
its extensions26 in which estimates of the potential of mean
force or the probability density are iteratively improved upon
on the basis of prior estimates constructed from data drawn
from a biased sampling procedure. A critical step in the adaptive
procedure is the accurate construction of the estimates of the
© XXXX American Chemical Society

potential of mean force based on all available data sampled
from biased densities.
Most approaches of constructing the free energy proﬁle rely
on deﬁning a variable set of parameters either in terms of a set
of k explicit parameters θk or implicitly through choices of bin
size and/or number. The choice of the optimal number of
parameters used to represent the proﬁle is frequently unclear
and strongly depends on the choice of representation. The
quality of the ﬁt of the global free energy proﬁle to the data
typically improves with an increase in the number of
parameters at the expense of the smoothness of the constructed
proﬁle. In essence, for small sample sizes of noisy data, the use
of a large number of parameters overﬁts the data set and
overemphasizes the statistical importance of the noise. Another
important consideration is the computational demand of
calculating values of the potential energy and its gradient if
the potential of mean force is to be used as a force ﬁeld in
coarse grain simulations. For such purposes, nonparametric
kernel density27,28 and Gaussian process regression methods29
that place a Gaussian basis set function at every sampling (or
training) point may not be practical.
Within the context of a parametric ﬁt of the potential of
mean force, it is therefore desirable to devise a method of
deciding when increasing the size of the parameter set results in
little improvement in statistical accuracy. The purpose of this
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depending on the physical temperature. In the following, we
consider an arbitrary choice of reaction coordinate ξ(y) that is
determined by the physical problem of interest.
Computing the Free Energy Proﬁle. Given a set {y1, ...,
yn} of n independent and identically distributed data drawn
from a probability density P(y) from independent Monte Carlo
or molecular dynamics simulations, a common strategy used to
construct the potential of mean force ϕ(x) over a ﬁnite range
[x−, x+] from the data is to model ϕ(x) = ϕ(x|θk+1) in terms of
a set of parameters θk+1 = {θ0, ..., θk} that are optimized in some
fashion using the data set x = {x1, ..., xn} of values of the
reaction coordinate xi = ξ(yi). In situations where the density of
the reaction coordinate p(x) is never small and ϕ(x) is never
large, many methods of constructing smooth densities30 from
sampled data will work well. Approaches such as kernel density
estimation27,28 where the bandwidth is a parameter or ﬁts of the
empirical cumulative distribution31,32 are well-suited for such
cases.
However, in most situations of interest in chemical physics,
one would like to compute the proﬁle of ϕ(x) over a domain
[x−, x+] in which ϕ(x) takes on large values (such as barrier
regions in chemical reactions). In regions where the density
p(x) is extremely small, estimates of the free energy proﬁle
based on direct samples from the multivariate density P
converge poorly. To improve the convergence properties of the
estimated free energy, biased sampling methods are helpful.
One frequently utilized method to enhance the sampling over
the domain [x−, x+] is umbrella sampling33 in which a series of
continuous biasing weights wα(x) with α = 1, ..., S are utilized in
independent simulations to force sampling of improbable
regions where the potential of mean force is large. In each of
the umbrella simulations, a set yα = {yα1 , ..., yαnα} of nα points is
independently drawn from the biased density wα(ξ(y))P(y).
From the sampled points, the data set of reaction coordinates
{x1, ..., xS} is used to construct a global free energy proﬁle over
the entire domain [x−, x+], where the points in the xα = {ξ(yα1 ),
..., ξ(yαα)} data set are distributed according to density qα(x) =
z−1
α wα(x)p(x), where zα = ∫ dx wα(x)p(x).
There are a multitude of ways of computing the free energy
proﬁle with respect to a speciﬁed reaction coordinate. Many of
the methods, such as the commonly used WHAM procedure,34−36 evaluate either the potential of mean force or the
average force37 at a set of speciﬁed values or grid points of the
reaction coordinate. For example, the method of steered
molecular dynamics38 can be considered to be in this category.
Smooth proﬁles of the reaction coordinate may then be
generated from the values ϕi of the potential of mean force at
the grid points xi using interpolation schemes. The grid points
may be viewed as parameters upon which the smooth
representation of the potential of mean force ϕ(x|θ) is based.
In other methods, the parametrization of the free energy
proﬁle is of a diﬀerent form. For example, in the umbrella
integration method of Kästner and Thiel,39−41 a linear
combination of the mean force computed in each of the biased
simulations is used to construct the global free energy proﬁle.
In each of the local computations of the mean force, the free
energy proﬁle is represented in terms of a low order expansion
of the free energy around some point of the reaction
coordinate, and the coeﬃcients in this expansion are eﬀectively
parameters determined by averages obtained empirically from
the data. Another approach taken recently42,43 is to expand the
potential of mean force in a ﬁnite basis set of Gaussian densities

communication is to present a method that adaptively
optimizes the parametrization of the free energy proﬁle and
determines when a given number of parameters k represents
the proﬁle with statistical accuracy, results in a smooth curve
that can be evaluated with little computational eﬀort, and
requires little user input.
The paper is structured as follows: In the ﬁrst section on
methodology, a brief summary of how various methods of
forming smooth ﬁts of the potential of mean force from data
from biased simulations depend on parametrization is given.
This is followed by a review of the asymptotic properties of
maximum likelihood estimators of a parameter set, with
particular attention devoted to the convergence of empirical
distribution functions to the exact distribution function. Next,
methods of assessing the quality of the construction of the free
energy proﬁle from the data available based on the maximum
deviation observed between suitably deﬁned empirical and
parametric cumulative distribution functions are presented. In
the Results section, a model of an activated process for which
the analytical form of the free energy proﬁle is available is
analyzed, and the performance of an adaptive algorithm to
determine parameters constructing the proﬁle is compared to
those obtained from weighted histogram methods. This is
followed by a discussion of the free energy proﬁle of a solvated
ion-pair system in which solvation shells lead to an oscillatory
potential of mean force. Finally, a brief discussion of the
generalization of the adaptive approach to higher dimension
and general conclusions are presented in the Discussion and
Conclusions section.

■

METHODOLOGY
The Potential of Mean Force or Free Energy Proﬁle.
The central task is to use data generated from biased sampling
procedures to construct a smooth and statistically optimal
estimate of the dimensionless potential of mean force deﬁned
by ϕ(x) = −ln p(x), where p(x) is the probability density of
value x of a speciﬁed general “reaction” coordinate ξ that
depends on the conﬁguration of the system. In this work, we
assume that the density is p(x) > 0 so that ϕ(x) is ﬁnite at all
points in the domain of interest. Physically, the potential of
mean force is the eﬀective potential giving rise to the average
force at a speciﬁed value of the reaction coordinate, and
therefore, its diﬀerences can also be interpreted as the reversible
work, or change in free energy, required to move the system
along the path deﬁned by the reaction coordinate. For this
reason, the potential of mean force is also known as the free
energy proﬁle, particularly in the context of chemical reaction
dynamics. Subsequently, we will use the two terms interchangeably.
In typical applications, p(x) is the reduced density obtained
from a multivariate density P(y1, ..., yN) of N degrees of freedom
p(x ) =

∫ dy δ(ξ(y) − x)P(y)

where y denotes the vector (y1, ..., yN) and ξ(y) is the reaction
coordinate. In the most common setting in statistical physics,
the density P(y) is speciﬁed by a choice of an ensemble such as
the canonical ensemble in which the density is determined by a
microscopic interaction potential U(y) that governs how
diﬀerent degrees of freedom are correlated with one another.
In the canonical ensemble, spatial positions are distributed
according to the density P(y) = e−βU(y)/Z(β), where Z(β) =
∫ dy e−βU is a normalization constant and β is a parameter
B
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average log-likelihood functions for each of the S simulations
weighted by the simulation number fractions λα.
The optimal parameter set θk+1
* is determined by maximizing
the average log-likelihood, or equivalently minimizing the
potential of mean force ϕ(x|θ), with respect to the set of k +1
parameters θk+1. Eﬃcient methods for ﬁnding the minimum of
convex functions, such as the Broyden−Fletcher−Goldfarb−
Shanno algorithm,49,50 make use of gradients to facilitate
convergence. Such gradients can often be evaluated explicitly.
For a ﬁxed number k + 1 of parameters, the free energy proﬁle
ϕ(x) and density of the reaction coordinate p(x) may be
estimated by ϕ(x|θ*k+1) and p(x|θ*k+1), respectively.
In the limit of large numbers n → ∞, the average loglikelihood function is locally quadratic in the parameter space in
the vicinity of the maximum θk+1
* in all directions except for that
corresponding to a constant shift in the free energy. Such
constant shift terms can be eliminated by choosing a reduced
parametrization with k independent parameters θk deﬁned such
that the free energy is ﬁxed to a constant value via a constraint
equation ϕ(xc|θk+1) = c at some point xc in the domain [x−, x+]
or by imposing some other constraint on the parameter space.
Henceforth, we assume the free energy is parametrized such
that its value is ﬁxed at some point on the interval so that the
parameter set that maximizes the average log-likelihood is
uniquely determined.
In the limit of large sample sizes (i.e., large n), the set of
parameters θk* are asymptotically normally distributed with
mean θ0k and (nonsingular) k × k covariance matrix n−1I(θ)−1
lm ,
where

and then determine the expansion coeﬃcients either by
minimizing the residual of a global least-squares estimator or
by using Gaussian process regression.29,44 Similarly, in the
method of weighted residuals,45 the potential of mean force is
expanded in a set of basis functions ϕ(x|A) = ∑j Ajϕj(x), and
the set of expansion coeﬃcients Aj are parameters determined
from a linear equation that follows from the fact that the
residual for the diﬀerential equation for the mean force is
orthogonal to the functional space formed by the basis set or
other test functions. In fact, several other methods that have
been introduced for evaluating the potential of mean force such
as thermodynamic integration46 can be derived from the
weighted residual framework by making speciﬁc choices of test
basis functions.45
Another simple approach similar in spirit to the method of
umbrella integration is to express the estimated density p(x|θ)
in terms of a weighted linear combinations of parametrized ﬁts
to the biased densities qα(x|θ), where the weights are
determined by minimizing the variance in p(x|θ). This
approach forms the basis of the multistate Bennet acceptance
ratio method (MBAR).47
Maximum Likelihood Estimator of the Free Energy Proﬁle.
Many of the methods above can be derived by maximizing the
likelihood that the data came from the parametrized density
p(x|θ). The particular procedure used to select the set of
parameters depends on how the density or equivalently the
potential of mean force is constructed.
In this work, we introduce an adaptive procedure using
statistical information to select and modify parametrizations of
the potential of mean force using data from a set of biased
simulations. To illustrate the method of truncating and
adapting the parameter set, the parameter set θ and hence
the free energy proﬁle will be determined using the principle of
maximum likelihood applied to all available data from possibly
multiple biased simulations. In this procedure, the average loglikelihood function of the composite data set of simulation
points based on the model ϕ(x) = ϕ(x|θk+1) is deﬁned as48

I(θk*)lm = −

=

S

nα

α=1 i=1

wα(xiα) −ϕ(xiα | θk +1)
e
zα(θk + 1)

ϕ(x|θ) =

S

nα

∑
i=1

ϕ(xiα|θk + 1)

1
−
nα

nα

∑ ln
i=1

−

⎡ ∂S ̂ ∂S ̂ ⎤
dx p(x|θk*)⎢
⎥
⎣ ∂θl ∂θm ⎦ θ *

k

⎛
S(̂ θk + 1|x , ..., x ) = − ∑ λα⎜⎜ln zα(θk + 1)
⎝
α=1
S

1
+
nα

∫x

x+

is the positive-deﬁnite Fisher information matrix which can be
used to form conﬁdence intervals for θ-dependent observables.
For example, the 95% conﬁdence intervals for the parameter θl
are estimated to be θl* ± 1.96 (I −1)ll /n . This procedure lies
at the heart of kernel and mixture density estimation as well as
many other methods.27,28,51
Parameterizations of the Free Energy Proﬁle. A smooth
free energy proﬁle can be represented with either global or local
parametrizations which diﬀer qualitatively in the manner in
which the proﬁle is constructed. In a global parametrization,
ϕ(x) is expanded in a (truncated) orthogonal series of
polynomials, such as the Legendre polynomials Pn(x),

where zα(θk+1) = ∫ dx wα(x)e−ϕ(x|θk+1), the average log-likelihood
function can be written as
1

−

⎡ ∂ 2S ̂ ⎤
dx p(x|θk*)⎢
⎥
⎣ ∂θl ∂θm ⎦ θ *

k

where n = ∑α nα is the total number of data points available
from the set of simulations. Noting that, for independent
sampling points,

∏∏

x+

k

1
S(̂ θk + 1) = log p(x1, ..., x S|θk + 1)
n

p(x1, ..., x S|θk + 1) =

∫x

∑ θnPn(xs(x)) + θ0(θ)
n=1

⎞

wα(xiα)⎟⎟
⎠

xs(x) =
(1)

x + x+
2x
− −
x+ − x−
x+ − x−

(2)

where the θ0 is deﬁned such that ϕ(xc|θ) = c. For example, one
can choose xc = x+ where Pn(xs(x+)) = 1 so that θ0 = c −
∑ki=1 θi. The expansion in eq 2 is global in the sense that
increasing the maximum number of terms k in the expansion
aﬀects the whole free energy proﬁle, since the Legendre
polynomials are not localized to speciﬁc regions of the interval
[x−, x+]. Nonetheless, the representation of the free energy

where xαi is a value of the reaction coordinate sampled in the α
simulation and λα = nα/n is the fraction of points drawn from
simulation α. The last term in eq 1 is independent of the
parameters θk+1 and may be dropped from the likelihood
function. Note that the average log-likelihood for the combined
simulations can be viewed as a linear combination of the
C
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then estimated to be ϕj = −log(pj/Δj). The procedure in eq 4 is
generally known in the literature as the weighted histogram
analysis method (WHAM).34−36
Although the WHAM procedure results in estimates of the
potential of mean force ϕj at a ﬁnite set of points {xj̅ }, smooth
approximations of the free energy proﬁle over the entire range
[x−, x+] can be constructed using interpolation schemes based
on the set of points {(xj̅ , ϕj)}. In this work, we use natural cubic
splines with “knot” positions (xj̅ , ϕj) to construct a proﬁle ϕ(x)
x
that minimizes the approximate strain energy ϵs ≈ ∫ x+− dx
56
(ϕ″(x))2 while passing through the knot positions. This
procedure will be used as a standard for comparison with other
approaches of constructing smooth potentials of mean force.
In a similar manner, the normalization constants zα can be
obtained without using binned data from the nonlinear relation

proﬁle is guaranteed to converge to the exact function as the
number of terms in the complete basis set goes to inﬁnity.
In contrast to global parametrizations of the potential of
mean force, an alternative linear expansion could use functions
such as Gaussian component densities (kernels) that are
centered around speciﬁc points in the domain.20,21 The
advantage of this type of parametrization is in the local control
that results from the ability to modify the interpolation in a
limited part of the domain. Another parametrization scheme
that allows local modiﬁcations of the potential of mean force is
to represent the proﬁle in terms of natural cubic splines based
on a set of knot positions {(xi, θi)}, where θi are optimized for
the data set at a choice of uniformly distributed48 or adaptively
selected reaction coordinate points xi. In the cubic spline
expansion of the free energy, ϕ(x) is written for xi ≤ x < xi+1 as
ϕ(x) = θi + (x − xi)ci + (x − xi)2 bi + (x − xi)3 ci

S

(3)

zα =

where the coeﬃcients ai, bi, and ci depend linearly on the choice
of grid points (xi, θi). In addition, the variations of ϕ(x|θ) with
respect to each of the parameters θi are easily obtained from
linear relations.
Other choices of spline ﬁtting procedures using either other
boundary conditions, such as clamped cubic splines, or other
interpolation methods, such as the Akima splines,52 may be
preferable depending on the shape of the free energy proﬁle. In
fact, for the activated chemical process considered in the next
section, one ﬁnds that the interpolation error decreases with the
number of parameters k roughly as k−1/2 for the Akima spline
and k−1/4 for the natural cubic spline, indicating that the Akima
spline may be a better choice of parametrization of this
particular free energy proﬁle.
WHAM Estimator of the Free Energy Proﬁle. As an example
of the maximum likelihood procedure applied to a particular
parametrization scheme, consider a simple parametrization of
the density in which it is expressed in terms of a set of M
discrete constant probabilities {pj} at points xj̅ on the interval
[x−, x+]. The discrete probabilities correspond to deﬁning pj =
Δj/2
∫ −Δ
dx p(xj̅ + x) to be the probability of ﬁnding a reaction
j/2
coordinate in a region [xj̅ − Δj/2, xj̅ + Δj/2]. Deﬁning the
binned versions of the normalization constants zα = ∑M
j=1 wα(xj̅ )
pj and noting that the binned data are distributed according to
the multinomial distribution, the average log-likelihood for the
set of simulation points may be written as53,54
M

S(̂ f ) =

∑ νj ln pj
j=1

f̅

f̅

γ

(5)

α

=

1
nα

nα

∑ f (xiα)
i=1

α

+

→ N (⟨f ⟩α , σα 2(f ))

(6)

Since each of the S simulations is independent, the empirical
average over the data points in the entire set of simulations is
given by f ̅ = ∑α λα fα̅ , which is normally distributed in the large
number limit with mean ⟨f⟩ and variance σ2(f) = ∑α λασα2( f),
where the mean ⟨f⟩ = ∫ dx f(x)q(x) is deﬁned with respect to
the mixture density q(x) = ∑α λαqα(x) = p(x)∑α λαz−1
α wα(x).
From this perspective, the composite set of points from the S
simulations can be viewed as being drawn from the mixture
density q(x). One important diﬀerence between the targeted
density p(x) and the mixture density q(x) is that, unlike p(x),
the mixture density is never very small over the entire domain
[x−, x+] due to the biasing factor ∑α λαz−1
α wα(x).
The quality of a statistical model of the density p(x|θ) and
hence the potential of mean force ϕ(x|θ) may be assessed and
adaptively improved using goodness-of-ﬁt tests that identify
points of the domain in which the deviations between empirical
and parametrized cumulative distribution functions are
maximal. The goodness-of-ﬁt tests are based on the observation

j

∑ wα(xj̅ )pj
j

S

∑δ = 1 nδ e−βuδ(xi )zδ−1

In the limit of large numbers, the central limit theorem implies
that the empirical average fα̅ approaches the true average ⟨f⟩α of
f, where ⟨f⟩α = ∫ dx f(x)qα(x) is the average of f with respect to
the biased density qα(x) = z−1
α wα(x)p(x). Furthermore, the
empirical average of f is asymptotically normally distributed
with mean ⟨f⟩α and variance σα2( f) = (⟨f 2⟩α − ⟨f⟩α2)/nα, i.e.,

plus terms that are independent of pj. Here νj is the fraction of
the total number of points in the S simulations in the range [xj̅
− Δj/2, xj̅ + Δj/2]. Maximizing the likelihood with respect to
the set of probabilities {pj}, or, equivalently, with respect to the
normalizations zα, leads to S nonlinear equations for the
parameters zα of the form34,35,53−55
νj
pj = S
= νjhn(xj̅ )
∑α = 1 λαzα−1wα(xj̅ )
zα =

γ

e−βuα(xi )

which can be derived using extended bridge sampling
methods.47 The potential of mean force at a position xj can
then be estimated using eq 4.
Adaptive Improvements of the Constructed Potential
of Mean Force. The necessary and suﬃcient conditions for
the existence of a unique solution to the maximum likelihood
equation in eq 1 have been established by Vardi53 as well as the
asymptotic behavior of the estimator of the probability density
p(x) using the theory of empirical processes.57,58 In the
nomenclature of the theory of empirical processes, the
empirical measure places weight 1/nα at each point xαi in the
α sample, so the empirical average of an arbitrary integrable
function f constructed from the data in simulation α is written
as

∑ λα ln(∑ pj wα(xj̅ ))
α=1

∑∑
γ=1 i=1

S

−

nγ

(4)

Note that the factor hn in eq 4 serves to reweight the biased bin
probability νj to correct for the biasing densities wα. The value
of the dimensionless free energy at point xj̅ in the interval is
D
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xαnα} in simulation α, where xαi > xαi−1, are drawn from the biased
density qα(x) = zα−1wα(x)p(x), which has a cumulative
distribution function Fα(x) = ∫ xx− dz qα(z). The decision of
whether to accept or reject the current set of parameters θk is
based on the p-value for the test statistic, which is the
probability of observing a value of the test statistic at least as
large as the maximum observed deviation dα assuming the
current model is true (i.e., the data are drawn from qα(x)). If
the p-value is less than a signiﬁcance level pcut, typically chosen
to be pcut = 0.05, it suggests the data are not consistent with the
parameter set θk, and suggests the parameter set must be
enlarged. Similar tests have been used recently in the context of
analyzing the distribution of transition times in metadynamics
against a predicted Poisson distribution.64
The value of the maximum deviation dα for a data set is
determined using eq 9, which amounts to computing the
absolute value of the diﬀerence between the (numerically)
calculated Fα(xαi ), a monotonic function, and the stepped,
monotonic empirical cumulative distribution function Fnα in eq
7 before and after the step discontinuity at each of the data
points xαi in the simulation. As a result, the maximum deviation
dα* occurs at one of the data points xα* = xαj in a set of
simulation points. The p-value for the data set, given by K(d*α )
for the Kolmogorov−Smirnov statistic, is then compared to the
threshold value to determine whether or not the data are
consistent with having been drawn from qα(x). Since the actual
density qα(x) is not known, the test consists of replacing qα
with the maximum likelihood density qα(x|θ) = z−1
α (θ)wα(x)
xαi
α
α
p(x|θ) and hence Fα(xi ) by Fα(xi |θ) = ∫ x− dx z−1
α (θ)wα(x)
p(x|θ), where the parameter set θ has been optimized for the
data set. In general, this biases the distribution of the statistic dα
relative to K(x), which is generally underestimated, leading to
an overestimation of the p-value. In such cases, the actual
distribution of dα is unknown and dependent on the parameter
set. Nonetheless, the correct p-value may be estimated using
parametric bootstrap methods65,66 in which a number Ns of
synthetic samples, each of nα points, is drawn from the
parametrized density qα(x|θ). The maximum deviation ds for
each of these samples is computed after reoptimizing the
parameters θ and the p-value is estimated as

that, for any integrable function f, the central limit theorem (see
eq 6) implies that fα̅ approaches ⟨f⟩α in the limit of large
numbers. Noting that the empirical average of the Heaviside
function
⎧1 if x ≤ y
H (x − y ) = ⎨
⎩ 0 otherwise

over the ordered data set {xα1 , ..., xαnα} with xαi+1 ≥ xαi from
simulation α yields the monotonic, stepped empirical
cumulative distribution function (ECDF)
α

H(x − y) = Fnα(y) =

i
nα

for

xiα ≤ x < xiα+ 1

(7)

the central limit theorem implies the empirical cumulative
distribution function converges to the true cumulative
distribution function (CDF)
⟨H(x − y)⟩α = Fα(y) =

∫x

y

d x q α (x )
−

(8)

for each simulation α. Note that, unlike the empirical density
1
n
qnα(x) = n ∑i =α 1 δ(x − xiα), the empirical cumulative distriα

bution function is ﬁnite over the domain and therefore is
suitable for comparing the agreement between empirical and
true distributions. Similarly, the empirical distribution function
H(x − y) = Fn(y) for the composite process with ordered data
points {x1, ..., xS} converges to the true cumulative distribution
function F(y) = ∑α λαFα(y) = ∫ yx− dx q(x) of the mixture
density q(x).
To examine the quality of the parametrization of the
potential of mean force, one deﬁnes the statistic
dα = sup
x∈9

nα | ψ (Fα(x)) ||Fnα(x) − Fα(x)|

(9)

where ψ(x) is a positive weight function. This statistic
quantiﬁes the maximum observed (weighted) deviation
between the ECDF and CDF and identiﬁes a location x*
where the deviation occurs in the domain. If ψ = 1, eq 9
corresponds to the usual Kolmogorov−Smirnov statistic for the
simulation set α, which is asymptotically distributed according
to
∞

K (d ) =

∑

p=

2 2

( −1)k e−2k d

k =−∞

(10)

number of simulations with ds ≥ dα*
Ns

(11)

which has a standard deviation of σp = p(1 − p)/Ns . Since
the bootstrap procedure can be computationally intensive
because it requires the recalculation of the θ parameters that
maximize the likelihood for the synthetic data, it is useful to
ﬁrst determine if the p-value using K(x) is below the threshold
value pcut and the ﬁt is poor, since K(dα) overestimates the
actual p-value.
The procedure described above provides a test of the quality
of ﬁt of the parametrized density using only the data from a
single simulation. Since typically the biased simulations
intentionally have points distributed in a small subset of the
interval 9 of interest, the test does not examine the quality of
ﬁt outside this region and says little about the global ﬁt of
p(x|θ). To adapt this procedure for the composite data set from
all of the biased simulations, the maximum deviations can be
computed for each of the S simulations to compile a set {d1, ...,
dS}, each of which is independently distributed according to
some distribution K(x). The overall quality of ﬁt of the density

independent of the form of F. A number of weight functions
have been proposed recently with known asymptotic
distributions of the maximum deviation.59−61 One interesting
choice62,63 is to weight the deviations by the inverse of the local
variance ψ(Fα(x)) = 1.0/(Fα(x)(1 − Fα(x))) to remove the
lack of sensitivity of the unbiased statistic to tails of the
distribution. In this work, we use the weight function
⎧
1
0.15 ≤ F ≤ 0.85
⎪
ψ (F ) = ⎨ F(1 − F )
⎪
⎩0
otherwise

for which the asymptotic distribution function of maximum
deviations is known analytically when the tested distribution is
independent of the data set.63
The goodness-of-ﬁt test for simulation α consists of testing
the “null” hypothesis that the nα ordered data points {xα1 , xα2 , ...,
E
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enhanced without signiﬁcant changes to the ﬁt outside this
region by inserting additional ﬁtting parameters such as
additional grid points or localized basis functions centered at
x*. The central idea of the adaptive approach is to ﬁrst identify
problematic points in the interval in which large deviations
between the cumulative and empirical cumulative distribution
functions are observed. These points are then used to expand
the parameter set of the potential of mean force locally in the
vicinity of the problematic points until p-value convergence is
obtained for the relevant goodness-of-ﬁt test. In this work, we
deﬁne an adaptive parametrization procedure based on the
goodness-of-ﬁt test described in eq 12.
The adaptive approach is summarized by the following
algorithm:

can be assessed by taking the maximum dmax of the dα
deviations, which is then distributed according to K(dmax)S.
Once again, if p(x) is parametrized and the distribution K(x) is
unknown, bootstrap methods must be used to estimate the pvalue of dmax, which will typically be smaller than K(dmax)S.
To test the quality of the construction of the free energy
proﬁle over the entire range, we introduce a new goodness-ofﬁt test. The test makes use of the global data set {x1, ..., xS} and
deﬁnes the maximum deviation in terms of the empirical
distribution for the entire data set, Fn(x), which converges to
the cumulative distribution function F(x) of the mixture density
q(x). The procedure is analogous to that of the individual
simulations with a maximum deviation d deﬁned with unit
weight function by
d = sup
x∈9

n |Fn(x) − F(x)|

(12)

where Fn(x) is the empirical distribution function for the global
data set. Unlike the case of the individual simulations, the
distribution of the statistic d depends on the form of the weight
functions wα and is more narrowly distributed than the
Kolmogorov−Smirnov distribution in eq 10 when ψ = 1,
since the variance σ2(F) = ∑α λαFα(y)(1 − Fα(y)) is smaller
than that for points drawn from a mixture density. In the limit
where there is negligible overlap between adjacent simulations,
one expects (S)1/2d to be approximately distributed by K(d)
under the null hypothesis. Nonetheless, as above, the p-value
must be determined by bootstrap estimation, since F(x) is
unknown and is approximated by F(x|θ), which depends
parametrically on the data.
At ﬁrst glance, it seems reasonable to develop goodness-of-ﬁt
tests for the unbiased probability density p(x) directly, since
this probability density deﬁnes the potential of mean force. This
would be proﬁtable if the quality of the ﬁt of the unbiased
density in regions where the density is large is particularly
important. Such tests can be devised using weighted empirical
distribution functions, since hn(x)H(x − y) = Fñ (y) converges
in distribution to the cumulative distribution function ⟨hn(x)
H(x − y)⟩ = F̃(y) = ∫ yx− dx p(x) of the unbiased density.
However, in chemical applications, one is interested not in the
quality of the ﬁt of the peaks of multimodal densities but rather
in the quality of ﬁt of the negative logarithm of the density, the
potential of mean force, in regions where the density itself is
very small. In fact, since the slope of the cumulative distribution
function of p(x) is the density itself, the cumulative distribution
function has a large plateau region at intermediate points in the
domain R in the barrier region, and deviations between
cumulative and empirical cumulative distribution functions are
not particularly sensitive to ﬁts in these regions. The cumulative
distribution function of the mixed density F(x) does not exhibit
large plateaus, since the mixture density q(x) is never small in
the domain [x−, x+].
Failure of the goodness-of-ﬁt tests indicates that the current
set of parameters used to construct the potential of mean force
is inadequate. The statistic based on the maximum weighted
deviations of the ECDF and CDF also provides useful
information about which region of the domain is poorly
characterized. The deviations will only be reduced if improvements in the construction of the free energy proﬁle are made in
the vicinity of the problematic region. When local parametrizations of the free energy proﬁle are used, the quality of
the ﬁt in the problematic region near the point x* can be

One caveat to using an automated adaptive procedure with
parameter updates based on the location of maximum
deviations is the possibility of ﬁnding the same point x* of
maximum deviation between iterations and hence an insertion
point that is already in the set of parameter grid points {xi}.
Such scenarios can be handled in a variety of ways, such as
redistributing the grid points in the vicinity of x* or starting the
procedure afresh from a uniform grid of larger size (as in lines
19−21 in Algorithm 1 above). Note that the test in line 8 is
included only to increase the eﬃciency of the adaptive
procedure, since the estimation of p-values from the bootstrapped synthetic samples can be computationally demanding
albeit simple to evaluate in parallel. Other useful strategies
include initially setting dc to a value based on the asymptotic
distribution of deviations valid when the cumulative distribution function is independent of the data to avoid the
computational cost of estimating dc when the p-value is very
small.
Algorithm 1 can be modiﬁed to include multiple goodnessof-ﬁt tests simultaneously such as those in eq 9 and in eq 12 by
calculating the p-value of diﬀerent tests as well as the locations
of their maximum deviations and requiring that all p-values
exceed some threshold. Combining diﬀerent tests may be
beneﬁcial if the tests weight deviations diﬀerently in diﬀerent
regions of the domain, and may help to avoid repeatedly ﬁnding
the same insertion point.
Many other tests of the goodness-of-ﬁt can be implemented
and their utility compared to the method of maximum
F
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RESULTS
Case Study of an Activated Chemical Processs. In
order to assess the properties of statistical convergence tests on
the accuracy of the constructed smooth potential of mean force,
it is essential to consider systems for which the actual potential
of mean force is either known analytically, or with great
statistical precision. We ﬁrst consider the convergence tests
outlined above applied to constructing smooth free energy
proﬁles on a two-dimensional system designed to mimic a
typical activated process between a stable and a metastable state
with a substantial activation energy between them. The
activated system has an (un-normalized) bimodal density
given by the sum of two normal (Gaussian) densities

deviations. Perhaps the simplest and most obvious test for
convergence of the potential of mean force with respect to a set
of parameters is to monitor when the average weighted
integrated squared diﬀerence between two models that diﬀer in
the number of parameters drops below some threshold value.
We deﬁne the L2-diﬀerence between two curves f1(x) and f 2(x)
by
f ̂ (x ) = f (x ) −
L2(f1 , f2 ) =

∫x

x+
−

∫x

x+

d x f (x )ρ (x )

−

dx (f1̂ (x) − f2̂ (x))2 ρ(x)

(13)

2

where the density ρ(x) may be deﬁned to selectively weight
diﬀerent regions of the interval [x−, x+]. Here, we use a uniform
density ρ(x) = 1/(x+ − x−). The subtractions are necessary in
eq 13, since the free energy proﬁles are only determined up to a
constant. Although in most cases the maximum likelihood
procedure applied to determine a given parameter set θk has a
unique solution in the large n limit, a small L2-diﬀerence
between two sets of parameters of diﬀering size does not
necessarily mean that quality of the ﬁt of the constructed
potential of mean force to the data is hightwo parameter sets
may produce similar free energy proﬁles and yet yield poor ﬁts.
In many instances, the models of the free energy proﬁle are
nested, meaning that models of the proﬁle with a smaller
number of parameters can be obtained from those with a larger
number by imposing a set of constraint conditions on a subset
of the parameters, such as restricting the values of some
parameters to a particular set of values (for example, zero). For
such nested models, a way to select and optimize models from a
set of parameters is to use the log-ratio test67 or the Akaike
information criterion68,69 to deﬁne weights wk for the model
with k parameters. The optimized model is then written as a
weighted sum of each of the models, ϕ(x) = ∑k wkϕ(x|θk). The
Akaike information criterion is deﬁned for a model with k
̂ k) by computing ak = 2k −
parameters and log-likelihood S (θ
̂
2S (θk) for a range of the maximum number of parameters k = 1,
..., km and identifying the minimum value amin. The Akaike
weights wi, which provide the likelihood of model i, are then
deﬁned as70
wi =

e−Δi /2
∑k e−Δk /2

Article

2

2

2

ρ(x , y) = a1e−b1(x − x1) e−b1(y − y1) + a 2e−b2(x − x2) e−b2(y − y2 )

(15)

centered at x1 = y1 = −2, x2 = y2 = 2 with height and width
parameters a1 = 1 × 105, a2 = 2.5, b1 = 2, and b2 = 6. The
reduced density for the reaction coordinate x, pa(x) = ∫ ∞
−∞ dy
ρ(x, y), is therefore given by a bimodal density corresponding
to an asymmetric double well potential of mean force
⎛ a
2
b12
⎜ 1 e−b1(x − x1)
π (a1b2 + a 2b1) ⎜⎝ b1

pa (x) =
+

⎞
2
e−b2(x − x2) ⎟⎟
b2
⎠

a2

(16)

The two maxima of pa(x), and hence the two local minima of
ϕa(x) = −ln pa(x), are approximately located at x− = x1 = −2
and x+ = x2 = 2. Here the activation energy is roughly 16, in
dimensionless units.
Umbrella sampling simulations with an unnormalized biasing
weight
2

wα(x) = e−(K /2)(x − xα)

(17)

with K = 25 were used to facilitate sampling data to reconstruct
ϕ(x) over the entire domain 9 = [x−, x+]. The form of the
biasing density used here is not important in the data analysis,
and in principle, any bias can be used, including a single global
bias such as those frequently used in adaptive importance
sampling procedures14−22 and metadynamics.23−25 In the
simulation studies here, the central positions of the umbrella
densities are chosen by centering densities at the limits of the
interval x− and x+ as well as near the maximum of the potential
of mean force (i.e., the barrier) at a position xb = 0.8. For
simulations with more than three umbrella windows, the
remaining densities are evenly spaced over the intervals [x−, xb]
and [xb, x+].
As is evident from the plots of the biased densities qα(x) in
Figure 1, the regions where the qα(x) overlap are small for the
smallest number of umbrella windows (S = 5), and the data
from diﬀerent umbrella simulations are not likely to overlap
unless a large number of data points per window are generated.
Indeed, one ﬁnds that the probability of overlap of adjacent
windows for the ﬁrst few windows in a ﬁve-window system is
less than 0.01. As the overlap of data samples between biased
simulations is essential53 to have a unique solution of eq 4,
convergence problems can arise due to inadequate sampling
when the number of umbrella windows S is small, and
otherwise lead to poor ﬁts. Clearly, better choices for the
biasing umbrella densities using variable width parameters or

(14)

where Δi = ai − amin. The relative performance of this
convergence test on global parametrizations of the free energy
proﬁle will be compared with the adaptive scheme as well as
that obtained from an optimally selected weighted histogram
approach.
In the following section, a numerical study is conducted on
simple model systems to evaluate the performance of the
adaptive algorithm relative to other methods of evaluating the
free energy proﬁle and to assess the use of other convergence
criteria for various parametric methods of constructing the free
energy proﬁle. The results presented make use of the
simultaneous application of the goodness-of-ﬁt tests presented
above, with the critical p-value set at a relatively high level of
pcut = 0.15 to discourage early convergence at the cost of
potentially assigning too much signiﬁcance to noise.
G
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Figure 1. Analytical target density pa(x) (black, solid line) and the
biased densities qα(x) for a ﬁve-umbrella system. The red curves
correspond to the anchoring umbrella densities centered at x−, xb, and
x+.

Figure 3. Analytical cumulative distribution F(x) of the mixture
density q(x) (red) and the cumulative distribution F̃ (x) of the
unbiased target density p(x) (black). The inset shows the detail of
F̃ (x) in the barrier region where the density p(x) is very small.

other functional forms for the biasing densities could be
constructed, since the analytical density is known.
A plot of the dimensionless analytical potential of mean force
is shown in Figure 2 showing a barrier with a maximum value of

A total of 5000 data sets consisting of S = 5 to S = 11
umbrellas with nα = 50−1000 data points per window was
carried out, and the free energy proﬁles were analyzed using the
ﬁtting methods described in the Methodology section.
Estimates of the errors arising through the approximation or
interpolation schemes used to represent ϕ(x|θ) and through
ﬁnite sampling were computed using the integrated squared
diﬀerence deﬁned in eq 13 between the ﬁtted free energies
ϕ(x|θ*) and the analytical proﬁle ϕa(x) = −ln pa(x), i.e., ϵ(θ*)
= L2(ϕ(x|θ*), ϕa(x)). The integrated squared error ϵ(θ*) is
nonzero due to systematic deviations that arise from two
sources: ﬁnite sampling where θk* ≠ θk0 and histogram
approximations and interpolation errors. In the limit of large
samples, the integrated error should approach zero as the
number of parameters used to represent the free energy proﬁle
increases.
For the spline-ﬁtted WHAM procedure with the number of
bins ranging from 5 to 30, one ﬁnds that for the bimodal model
the optimal choice of the number of bins depends rather
strongly and unpredictably on the number of umbrella
simulations S (windows) and the number nα of points sampled
per window. As is evident in Table 1, for a ﬁxed number of
windows, the optimal number of bins increases with the
number of points per window and the integrated error squared,
L2-error (denoted as ϵi for a simulation with S = i windows),
decreases roughly as n−1
α . The statistical uncertainties in the
error estimate are on the order of 1%. As expected, for ﬁxed nα,
the absolute errors diminish at a faster rate than that predicted
due to an increased number of sampling points (i.e., ϵi/ϵi+2 > (i
+ 2)/i), indicating an improvement in the sampling over the
interval [x−, x+].
In Figure 4, the relative performance of the adaptive
convergence test based on algorithm 1 with a cubic spline
representation of the potential of mean force is shown. In the
left panel, the performance is measured relative to the optimal
number of bins listed in Table 1 selected for all values of the
number of windows and number of points per window, which
are of course unknown a priori but represent the best possible
choice of the number of bins for the simulation conditions.
Note that the adaptive scheme which places spline knot
positions at points of maximal deviation d* outperforms the

Figure 2. Analytical potential of mean force ϕa(x) (black, solid line)
and example ﬁts based on data from seven windows with 1000 points
per window using spline knots as parameters (red curve) and an
interpolation of the 20-bin WHAM solution using natural cubic splines
(blue curve).

15.9 at x = 0.865 separating the minima at x = −2 and x = 2.
Note that the density in the region near x = −2 is roughly e9 ≈
8100 times larger than in the region near x = 2 and roughly e16
≈ 8.9 × 107 times larger than in the barrier region. As is clear
from Figure 3, the analytical cumulative distribution function of
the unbiased density F̃(x) has a long plateau region where the
density of the bimodal system is small, whereas the cumulative
distribution function F(x) of the mixture density q(x) does not
exhibit such behavior and is therefore better suited for global
goodness-of-ﬁt tests when the quality of the ﬁt of the potential
of mean force over the entire interval is of interest.
H
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Table 1. Wham Errors
nα
5 windows
7 windows
9 windows
11 windows

optimal bin
error ϵ5
optimal bin
error ϵ7
optimal bin
error ϵ9
optimal bin
error ϵ11

number
number
number
number

50

100

200

500

1000

7
2.402
11
0.580
14
0.310
14
0.226

9
1.370
15
0.271
14
0.144
17
0.111

9
1.064
15
0.136
20
0.075
19
0.054

10
0.623
23
0.064
23
0.031
23
0.023

14
0.340
23
0.033
23
0.017
23
0.012

Figure 4. Performance of the adaptive procedure with cubic spline parametrization of potential of mean force. The points in the left panel represent
the ratio of the integrated squared error of the adaptive scheme to that of the optimal WHAM procedure (left panel) and to that of a ﬁxed number of
uniformly spaced knots (right panel) for a given number of windows and points per window. The error bars are 95% conﬁdence intervals.

global parametrizations, the log-ratio test and the weighted
Akaike information criterion perform comparably with less
impressive relative performance values than the adaptive
scheme based on the goodness-of-ﬁt test for all sampling
conditions investigated here, as can be seen in Figure 5.
However, the convergence tests do not require a choice of the
number and sizes of bins yet produce superior results to the
optimal interpolated WHAM construction of the potential of
mean force.
In spite of the inferior performance of the global parametrization scheme under the nested convergence tests
compared to the adaptive algorithm, the log-ratio and Akaike
information criterion are attractive, since they do not require
additional bootstrap sampling and are therefore much less
computationally demanding, which may be an important
consideration when data sets are large. They constitute very
simple convergence tests that require no adjustable parameters
yet provide more reliable statistical ﬁts of the potential of mean
force than cubic spline interpolations of the optimal WHAM
procedure. In addition, the global parametrizations and nested
convergence tests are simple to extend to higher dimensions.
Another simple test for convergence of the maximum
likelihood procedures is to compute the L2-diﬀerence (average
integrated squared diﬀerence) between two successive global
parametrizations of the potential of mean force. One ﬁnds that
this convergence test (with a choice of convergence threshold
of 5 × 10−4) underperforms relative to the log-ratio test and

optimal WHAM procedure by a factor of 2.3−3.6 when the
overall quality of the sampling is poor (i.e., only ﬁve windows in
the umbrella simulation), which is the typical case when
sampling an unknown system with high barriers in the potential
of mean force. For moderate sampling with seven or nine
windows, the performance relative to the optimal interpolated
WHAM ﬁts is near 1.5 for all values of the points per window.
On the other hand, when the sampling is extensive and the
statistical representation of the free energy proﬁle is excellent,
the adaptive procedure still outperforms the optimal WHAM
sampling but only by a relatively modest 10−20%. Nonetheless,
the adaptive procedure does not require any parameters to be
chosen or adjusted. In the right panel of Figure 4, the
performance of the adaptive procedure relative to that in which
the number of knots is ﬁxed and the values of the reaction
coordinate are uniformly distributed is plotted. Since the
optimal number of knots n is not known, following Lee et al.,48
n is set equal to one less than twice the number of biasing
windows so that knots are positioned near the center and
between each of the maxima of the biasing densities. Once
again, the most impressive performance gains, ranging from
factors of 1.3 to 3, occur when the data come from relatively
few biasing simulation windows.
Global parametrizations of the potential of mean force
generally do not converge with respect to the number of
parameters required as quickly as local parametrizations using
the goodness-of-ﬁt test and have larger L2-errors. For nested
I
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Figure 6. Cublic spline interpolation of the potential of mean force for
a solvated Na+−Cl− ion pair as a function of distance between the ions
at a temperature of 300 K and 1 atm of pressure.

Figure 5. Performance of the Akaike information convergence
procedure for a Legendre polynomial parametrization of the potential
of mean force. The points represent the ratio of the L2-error of the
information criterion convergence test to the optimal WHAM
procedure for a given number of windows and points per window.
The error bars represent 95% conﬁdence intervals.

MBAR methods.47 In Figure 7, the performance of the adaptive
maximum likelihood procedure for a cubic spline representa-

Akaike information procedure, with typical relative peformance
numbers near unity when there are more than 200 points per
window (data not shown).
Through extensive numerical study, it is also found that other
methods of constructing a smooth analytical ﬁt for the potential
of mean force outlined in the Methodology section, such as
using linear combinations of local ﬁts to the cumulative
distribution function32 that minimize the variance of the
mixture density and the method of weighted residuals,45 are
found to perform worse than the methods based on a
maximum likelihood approach, including the WHAM procedure. This is likely due to the fact that the variance of the
expansion parameters in the method of weighted residuals is
proportional to ﬂuctuations of the generalized force, and these
ﬂuctuations can be large in multidimensional systems.
Potential of Mean Force of a Solvated Ion Pair. To
examine the utility of using the adaptive convergence procedure
to construct other types of free energy proﬁles, the eﬀective pair
potential for a Na+ and Cl− ion-pair immersed in TIP3P water
at a temperature of T = 300 K and pressure of 1 atm was
computed using the simulation data available via the vFEP
software package.71 These data consist of 10000 ion separation
distances measured in angstroms obtained from 21 biased
simulations using a biasing density of the form in eq 17 with
centers xc ranging from 2.4 to 7.4 Å located at intervals of 0.25
Å, each with a force constant of K = K′/(kBT), where K′ = 20
kcal/(mol Å2). Since the exact analytical potential of mean force
is not known for this system, the baseline potential of mean
force (shown in Figure 6) was estimated using all of the
simulation data (21 windows with 10000 data points per
window) and error estimates were computed using the average
integrated squared diﬀerences relative to this proﬁle.
Numerical experiments were conducted by choosing subsets
of the full simulation data uniformly, where the experiments
diﬀered in the number of windows and the number of points
per window. It has been shown71 that a procedure based on a
maximum likelihood procedure applied to a natural cubic spline
parametrization of the free energy proﬁle with a ﬁxed number
of knots generally outperforms the weighted histogram34,35 and

Figure 7. Relative performance of the adaptive convergence algorithm
to that using a ﬁxed number of parameters measured as the ratio of the
integrated squared error or the ratio of the variance of the free energy
in a cubic spline representation of the potential of mean force for the
solvated ion pair system. The ﬁxed number n of equally spaced knots
was set equal to n = 2S − 1, where the number of biasing densities S
was either 6 or 11. The error bars represent 95% conﬁdence intervals.

tion of the potential of mean force relative to that using a ﬁxed
number n of knot positions as parameters is shown. The results
were obtained by averaging over 1000 numerical experiments
for each value of the total number of windows and number of
points per window. Once again, we set the number of spline
points n equal to one less than twice the number of biasing
windows so that knots are positioned near the center and
between each of the maxima of the biasing densities. It is found
that on average the adaptive procedure provides signiﬁcantly
better ﬁts to the data than the alternative with a ﬁxed number of
parameters for all cases examined. Similarly to what was
observed in the study of the activated system, the largest
improvements are observed when the sampling is relatively
poor where the statistical errors for the adaptive procedure are
roughly half those of the alternative with a ﬁxed number of
J
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parameters. Once again, in the atypical case where the sampling
is extensive and the statistical representation of the free energy
proﬁle is excellent, the adaptive procedure outperforms the
ﬁxed alternative but only by a relatively modest 5−10%.
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DISCUSSION AND CONCLUSIONS
For parametric ﬁts of the potential of mean force of a single
scalar quantity, the optimal approach was found to use the
method of maximum likelihood in combination with a local
basis set parametrization of the free energy proﬁle, where the
local placement of the basis set is determined by statistical
considerations such as the locations of maximum deviations
between the empirical cumulative and cumulative distribution
functions. The resulting free energy proﬁles represent the data
with statistical signiﬁcance yet are relatively smooth, free of
adjustable parameters, and easy to compute.
Goodness-of-ﬁt and other statistical convergence tests can
also be utilized with recently proposed methods of constructing
the potential of mean force that are not based on the principle
of maximum likelihood, such as linear regression.43 For
example, as an alternative to histogram constructions, the
biased densities from each of the umbrella simulations could be
ﬁt with a parametric maximum-likelihood procedure using a
convergence test to form estimates of the response variable at
sampled values of the reaction coordinate. In turn, these data
could then be used in a linear regression procedure, where the
number and locations of basis set functions used to represent
the global density are controlled using the goodness-of-ﬁt
criteria.
The parametric construction of the potential of mean force
can also be used to decide if it is desirable to insert additional
sampling windows by comparing the overlap of adjacent biased
densities Oα(θ) = ∫ xx+− dx qα(x|θ)qα+1(x|θ) to one another. If a
particular Oα is small for one of the sampling windows, it
suggests that additional sampling should be carried out in the
region of the domain between the maxima of the densities qα
and qα+1. Another alternative is to use the locations of the
maximum deviation in the global goodness-of-ﬁt test to identify
regions of the domain where increased sampling would
improve the statistical quality of the parametrization.
The construction of smooth ﬁts to multidimensional
potentials of mean force is generally more problematic than
the one-dimensional case, and typically requires a large number
of samples from many biased simulations. Nonetheless,
convergence criteria for the number of parameters required
for the multidimensional free energy proﬁles can be deﬁned on
the basis of multivariate goodness-of-ﬁt tests. For example,
nearest neighbor distances with respect to a norm in the
multidimensional parameter space can be used to deﬁne a
statistic whose distribution is asymptotically uniform and
independent of the underlying density. 72−74 For low
dimensions, another option is to use the distribution-free
multivariate Kolmogorov−Smirnov goodness-of-ﬁt test.75 The
points at which the maximum deviation of the weighted
empirical process and the uniform cumulative distribution
function occur can be used to reﬁne the parameters used in the
model to construct an approximate smooth multidimensional
potential of mean force in a similar fashion to the adaptive
procedure presented here for a one-dimensional system. For
multidimensional systems, multivariate Akima splines76 or
Gaussian density representations of the free energy proﬁle
provide tractable ways of parametrizing multivariate densities.
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