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Figure 4. (a) Fluid velocity field: continuum theory (left) and microscopic simulations (right). The fluid velocity v is scaled
by the propulsion velocity V (VT for the continuum theory and by VS for the microscopic simulations). (b) Magnitude of fluid
velocity as a function of distance r along the θ = π/2 direction from the centre of themotor. The solid green line is continuum
theory, the dotted green line is the asymptotic value and the red squares aremicroscopic simulations. The 1/r2 power-law decay
of velocity field is captured in the microscopic simulations. The radius of the motor is R= 2.5.
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Figure 5. Comparison of continuum theory and simulations for themagnitude of the fluid velocity field. The fluid velocity fields
v, scaled by the propulsion velocity V (VT for theory and VS for simulations), are plotted as a function of distance r along the
(a) θ = 0 (b) θ = π directions from the centre of themotor. Labeling is the same as that in figure 4. (Online version in colour.)

the continuum theory agree well with the simulation results in the near and far fields, although
there are large fluctuations in the simulation results at large distance that arise from the effects of
thermal noise on the small values of the velocity. Continuum theory predicts that the magnitude

of the fluid velocity decays asymptotically as v=
√
v2

r + v2
θ ∼ |3(kBT/ηR)Λc0a2P2(μ)|(R/r)2 +

O(1/r3) (see equation (2.3)), and the 1/r2 power-law behaviour is consistent with the far-field
characteristics of pusher and puller swimmers as shown in the streamlines in figure 3. The fluid
velocity field obtained from the microscopic simulations confirms the 1/r2 power-law decay.
Extensive averaging of instantaneous local velocities is required to obtain the structure of flow
fields in the microscopic simulations. Because the velocity field is related to derivatives of the
stream function, much more extensive simulations are required to obtain accurate values of the
stream function suitable for comparison with the theoretical values.
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Figure 5a,b shows quantitative comparisons of continuum theory and simulations for the
magnitude of the fluid velocity field, scaled by the magnitude of the propulsion velocity, along the
front (θ = 0) and back (θ = π ) directions from the centre of the motor. Although the microscopic
simulations exhibit large fluctuations, the continuum theory does capture major trends seen in the
simulation results. Near the motor (r/R ≤ 1.25), the discrepancies between the continuum theory
and simulations are observed in the forward direction (θ = 0), whereas in the backward direction
(θ = π ), the results are consistent. These differences can be attributed to approximations on the
fluid flow fields within the boundary layer in the continuum model.

As shown in the insets of figure 5, continuum theory predicts a 1/r2 power-law decay at
long distances. The distance at which this asymptotic regime is reached depends on the angle,
and analysis of the analytical formulae in equations (2.3) shows that this regime is reached
approximately 100 times earlier for θ = π/2 than for θ = 0 and θ = π . The velocity field obtained
from the microscopic simulations is consistent with these observations. The results in figure 4b for
θ = π/2 show that the simulation results lie in the asymptotic regime for r/R> 2, whereas figure 5
indicates that our simulations have not reached the asymptotic regime for the angles θ = 0 and
θ = π . Note also that in the inset of figure 5b, one sees the stagnation point predicted from the
streamlines in figure 3, which occurs at distances that are inaccessible in the current simulation.

4. Conclusion
The microscopic simulations of the fluid velocity fields presented above show clear evidence of
coherent hydrodynamic flows generated by Janus motor motion that are generally in accord with
the predictions of continuum theory. Such agreement, while perhaps expected, because these
flows have their origin in the force-free nature of the dynamics and momentum conservation,
is nevertheless interesting for several reasons. The small motors investigated in this study are
subject to strong thermal fluctuations. The fluid flow fields presented in the comparisons were
obtained by extensive averaging of local particle velocities subject to strong thermal fluctuations.
Collective hydrodynamic effects in microscopic simulations have been observed much earlier in
connection with long-time tails in velocity correlation functions, and our results show that such
fields exist in far-from-equilibrium systems with active self-propelled particles. The continuum
model uses a highly idealized treatment of the boundary layer and assumes no-slip boundary
conditions at the motor surface and negligible fluid advection. Nevertheless, when suitable input
parameters are used, notably the effective radius which characterizes the boundary layer, major
features of the average flow fields are described well. The results in this paper should prove useful
when more complex situations involving many motors are considered, because hydrodynamic
interactions play a part in determining the dynamics and microscopic simulations provide a way
to capture complex flow-field effects.
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Appendix A
The fluid velocity fields in the region outside the boundary layer may be obtained by solving
the Stokes equations. Taking the divergence of Stokes equations, ∇p = η∇2v and using the
incompressibility condition, ∇ · v = 0, the pressure field satisfies Laplace equation, ∇2p = 0.
Because the pressure field is uniform far from the Janus motor, this axisymmetric field may
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be written in the form p = p∞ + ∑∞
n=0 pn, where p∞ is the pressure far from the motor and

pn = γnr−(n+1)Pn(μ) is a solid spherical harmonic. The general solution for an axisymmetric
velocity field that vanishes far from the Janus motor may be written as [43]

v =
∞∑

n=1

[∇φn + Z(1)
n r2∇pn + Z(2)

n rpn], (A 1)

where φn = χnr−(n+1)Pn(μ) is a solid spherical harmonic arising from the homogeneous
equation ∇2v = 0. Substitution of these expressions into the Stokes equations, and using the
incompressibility condition yields the following expressions for the Zn coefficients: Z(1)

n =
(2 − n)/(2ηn(2n − 1)) and Z(2)

n = (n + 1)/(ηn(2n − 1)). The radial and angular components of the
velocity field may then be written as

vr =
∞∑

n=1

[
(n + 1)

2η(2n − 1)
γn

rn − (n + 1)
χn

rn+2

]
Pn(μ)

and vθ =
∞∑

n=1

[
(n − 2)

2
(n + 1)

2η(2n − 1)
γn

rn − n(n + 1)
2

χn

rn+2

]
Vn(μ).

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(A 2)

The coefficients χn and γn may be determined from the boundary condition for the velocity
fields at the outer edge of the boundary layer, v(R, θ ) = V + vs(θ ), and the condition that the
system is force-free. Using the expression for the concentration field given by equation (2.2), the
slip velocity may be written as a series in Vn(μ): vs(θ ) = θ̂ (kBT/2ηR)Λc0

∑∞
n=1 n(n + 1)anVn(μ),

where θ̂ is a unit vector in the θ -direction. The radial and angular components of the boundary
condition take the forms

vr(R, θ ) = VzP1(μ)

and vθ (R, θ ) =
(

kBT
ηR

Λc0a1 − Vz

)
V1(μ) + kBT

2ηR
Λc0

∞∑
n=2

n(n + 1)anVn(μ).

⎫⎪⎪⎬
⎪⎪⎭ (A 3)

Comparing equations (A 2) and (A 3) for the n = 1 terms yields the equations,

− 2χ1

R3 + γ1

ηR
= Vz, −χ1

R3 − γ1

2ηR
= kBT
ηR

Λc0a1 − Vz. (A 4)

The total force F within the boundary layer is zero, so that F = ∫
S Π · r̂ dS = 0, where the integral is

over the boundary surface, the stress tensor is Π = −p1 + η(∇v)sym, and the superscript denotes
the symmetric gradient. Using the forms for the pressure and velocity fields and performing
the surface integral, one finds γ1 = 0. From equation (A 4), it follows that Vz = 2

3 (kBT/ηR)Λc0a1,
which agrees with the result obtained earlier in the text using the reciprocal theorem. Comparing
coefficients for n ≥ 2 terms one obtains

γn = −kBTΛc0ann(2n − 1)Rn−1, χn = − kBT
η
Λc0an

n
2

Rn+1. (A 5)

Substituting these results into the expression for the velocity field, we find equation (2.3) given
in the main text.

The stream function may be obtained from the fluid velocity field. A general expression for the
stream function for an unbounded fluid that does not diverge along the z axis (μ= ±1) may be
written as

ψ(r,μ) =
∞∑

n=1

{
An

rn−3 + Bn

rn−1

}
In(μ), (A 6)

where In(μ) = (Pn−2 − Pn)/(2n − 1) is the Gegenbauer function of the first kind [35]. The fluid
velocity expressed in the spherical polar coordinate system is determined from the stream
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function by

v = − 1
r2 sin θ

∂ψ

∂θ
r̂ + 1

r sin θ
∂ψ

∂r
θ̂ . (A 7)

From the properties of the Gegenbauer functions [35], ∂In/∂μ= −Pn−1 and (1 − μ2)(∂Pn−1/∂μ) =
n(n − 1)In, the radial and tangential components of the velocity are given by

vr =
∞∑

n=1

[
−An+1

rn − Bn+1

rn+2

]
Pn(μ), vθ =

∞∑
n=1

[
−n − 2

2
An+1

rn − n
2

Bn+1

rn+2

]
Vn(μ). (A 8)

Comparing these expressions for the components of the velocity field with those in equation
(A 2), one finds that the coefficients appearing in the stream function are related by A1 = B1 = 0,
A2 = 0, B2 = −R3Vz and An+1 = −(n + 1)γn/(2η(2n − 1)) and Bn+1 = (n + 1)χn for n ≥ 2, leading to
equation (2.5) of the main text.
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